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Abstract. We construct a geometric model for the mapping class group MCQ 
of a non-exceptional oriented surface S of genus g with k punctures and use it 
to show that the action of MCQ on the compact metrizable Hausdorff space 
of complete geodesic laminations for S is topologically amenable. As a conse- 
quence, the Novikov higher signature conjecture holds for every subgroup of 
MCQ. 
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1. Introduction 

A countable group T is called boundary amenable if it admits a topologically 
amenable action on a compact Hausdorff space X. This means that T acts on X as 
a group of homeomorphisms and that moreover the following holds. Let V(T) be the 
convex space of all probability measures on I\ Note that V(T) can be viewed as a 
subset of the unit ball in the space i 1 (T) of summable functions on T and therefore 
it admits a natural norm || ||. The group T acts on (P(T), || ||) isometrically by 
left translation. We require that there is a sequence of weak*-continuous maps 

: X — > V(T) with the property that ||<?^n(^) — £n(<?£)| — > (n ^ oo) uniformly 
on compact subsets of T x X (see jAROOj for more on amenable actions) . By a result 
of Higson [H00 which is based on earlier work of Yu [Y98 , YOOJ , for any countable 
group r which is boundary amenable and for every separable T — C*-algebra A, the 
Baum-Connes assembly map 

fi : KK^(£T,A) -> KK(C, C*(T,A)) 

is split injective. As a consequence, the strong Novikov conjecture holds for T and 
hence the Novikov higher signature conjecture holds as well [BCH94, MV03j . 

Now let S be a non-exceptional oriented surface of finite type. This means that 
S is a closed surface of genus g > from which k > points, so-called punctures, 
have been deleted, and where 3<? — 3 + k > 2. The mapping class group M.CQ of S 
is the group of all isotopy classes of orientation preserving self-homeomorphisms of 
S. The mapping class group is finitely presented. We refer to |I02j for a summary 
of the basic properties of the mapping class group and for references. 

By assumption, the Euler characteristic of S is negative and hence S admits a 
complete hyperbolic Riemannian metric of finite volume. A geodesic lamination for 
such a hyperbolic structure is a compact subset of S which is foliated into simple 
geodesies. Call a geodesic lamination A complete if its complementary components 
are all ideal triangles or once punctured monogons and if moreover A can be ap- 
proximated in the Hausdorff topology by simple closed geodesies. The space CC 
of complete geodesic laminations on S equipped with the Hausdorff topology is 
compact and metrizable (see Section 2 of this paper). The mapping class group 
naturally acts on the space CC as a group of homeomorphisms. In other words, 
CC is a compact metrizable A4C^-space which we call the Furstenberg boundary of 
MCg. We show. 

Theorem 1. The action of the mapping class group of a non- exceptional surface 
S of finite type on the space of complete geodesic laminations on S is topologically 
amenable. 

As a consequence, the mapping class groups are boundary amenable. Since 
boundary amenability is passed on to subgroups (see Chapter 5 of AROO] ) , as 
explained above the following corollary is immediate from Theorem [T] and the work 
of Higson [HOP] . 

Corollary 1. The Novikov higher order signature conjecture holds for any subgroup 
of the mapping class group of a non- exceptional surface of finite type. 
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A simple closed curve on the surface S is called essential if it is neither con- 
tractible nor freely homotopic into a puncture. The curve graph C(S) of the surface 
S is a locally infinite metric graph whose vertices are the free homotopy classes of 
essential simple closed curves on S and where two such vertices are connected by 
an edge of length one if they can be realized disjointly. By an important result of 
Masur and Minsky MM99J, the curve graph is hyperbolic in the sense of Gromov. 
The mapping class group acts on C(S) as a group of isometries. 

The Gromov hyperbolic geodesic metric space C(S) admits a Gromov boundary 
dC(S) which is a metrizable topological space; however, it is not locally compact. 
The action of the mapping class group /ACQ on C(S) extends to an action on dC(S) 
by homeomorphisms. 

An action of a group on a topological space is called universally amenable if it is 
amenable with respect to every invariant Borel measure class. As another corollary 
of Theorem [T] we obtain the following result. 

Corollary 2. The action of /ACQ on dC(S) is universally amenable. 

Now let n > 2 and for i < n let Gi be a locally compact second countable 
topological group. A subgroup T of the group G = G\ X • • • X G n is an irreducible 
lattice in G if the volume of G/T with respect to a Haar measure A is finite and if 
moreover the projection of T to each factor is dense. We allow the groups Gi to 
be discrete. Let A be a standard Borel T-space and let p, be a T-invariant ergodic 
probability measure on X. The action of T on (X,p,) is called mildly mixing if 
there are no non-trivial recurrent sets, i.e. if for any measurable set A C X and 
any sequence (pi — > oo in T, one has p(ipiA A A) — > only when fi(A) = 
or /i(A — A) — 0. An A^C^-valued cocycle for this action is a measurable map 
a : Y x X -> /ACQ such that 

a(gh, x) = ct{g, hx)a(h, x) 

for all G T and ^-almost every x G X. The cocycle a is cohomologous to a 
cocycle (3 : Y x X — > /ACQ if there is a measurable map ip : X — > /ACQ such that 
(p(gx)a(g, x) = (3(g, x)tp(x) for all g £ Y, /i-almost every x £ X. 

For every continuous homomorphism p of a topological group H into a topological 
group L, the composition with p of an H- valued cocycle is a cocycle with values in 
L. We use the space of complete geodesic laminations on S to show the following 
super-rigidity result for yVfCCy-valued cocycles. 

Theorem 2. Let n > 2, let Y < G\ x • • • x G n be an irreducible lattice, let X 
be a mildly mixing Y-space and let a : Y x X — » /ACQ be any cocycle. Then a is 
cohomologous to a cocycle a 1 with values in a subgroup H = Hq x H\ of /ACQ where 
Hq is virtually abelian and where Hi contains a finite normal subgroup K such that 
the projection of a 1 into H\/K defines a continuous homomorphism G H\/K. 

We also obtain some geometric information on the mapping class group. Namely, 
an L- quasi- isometric embedding of a metric space (A, d) into a metric space (Y, d) 
is a map F : X — > Y such that 

d(x, y)/L — L < d(Fx, Fy) < Ld(x, y) + L for all x, y G X. 
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The map F is a called an L- quasi- is ometry if moreover its image F(X) is L-dense 
in Y, i.e. if for every y E Y there is some x E X such that d(Fx,y) < L. An 
L- quasi- geodesic in [X, d) is an L-quasi-isometric embedding of a connected subset 
of the real line. 

The mapping class group MCQ of S is finitely generated 102] and hence a finite 
symmetric generating set Q defines a word norm \ | on MCQ by assigning to an 
element g E MCQ the minimal length of a word in Q which represents g. The 
word norm | | determines a distance d on MCQ which is invariant under the action 
of MCQ by left translation by defining d(g,h) = \g h\. Any two such distance 
functions are quasi-isometric. Moreover, if Z is any geodesic metric space on which 
MCQ acts isometrically, properly and cocompactly, then by a well known result 
of Svarc-Milnor (see |BH99j ). for every z S Z the orbit map MCQ — > Z which 
associates to g E MCQ the point gz E Z is an A^C^-equivariant quasi-isometry. In 
particular, Z can be viewed as a geometric model for MCQ. 

For the proof of the above results, we construct a new geometric model for the 
mapping class group of S in this sense and investigate its geometric properties. This 
model is a locally finite metric graph TT whose vertices are the isotopy classes of 
complete train tracks on S (see |PH92j ) and where such a train track t is connected 
to a train track a by a directed edge of length one if a can be obtained from r by a 
single split. We define this graph in Section 3 and show that it is connected. In Sec- 
tion 4 we observe that the mapping class group of S acts properly and cocompactly 
as a group of simplicial isometries on TT . As a consequence, TT is quasi-isometric 
to MCQ. 

Define a splitting arc in TT to be a directed simplicial path 7 : [0, m] — > TT for 
the standard simplicial structure on R whose vertices are the integers. This means 
that for every i < m the arc i + 1] is an edge in TT connecting the train track 
to a train track 7(1 + 1) which can be obtained from 7(1) by a single split. Since 
TT is a geometric model for MCQ, the following result gives some information on 
quasi-geodesics in MCQ. 

Theorem 3. There is a number L > such that every splitting arc in TT is an 
L- quasi- geodesic. 

Theorem[3]can be used to investigate various geometric properties of the mapping 
class group. As an illustration, we include here a particularly easy corollary. 

Namely, a finite symmetric generating set Qr of a finitely generated subgroup 
r < MCQ defines a distance function dr on T. Since we can always extend Qr to 
a finite symmetric generating set of MCQ, for every distance function d on MCQ 
defined by a word norm there is a number q > such that the natural inclusion 
(r, dr) — > (MCQ, d) is q-Lipschitz. However, in general the word norm in T of an 
element g E T can not be estimated from above by a constant multiple of its word 
norm in MCQ. The group T < MCQ is called undistorted if there is a constant 
c > 1 such that dr(g,h) < cd(g,h) for all g,h E T. This is equivalent to stating 
that the natural inclusion (r, dr) — > (MCQ, d) is a quasi-isometric embedding. 
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A pants decomposition for S is a collection of 3<? — 3 + k simple closed mutually 
disjoint pants curves which decompose S into 2g — 2 + k pairs of pants, i.e. three- 
holed spheres. Such a pants decomposition determines a free abelian subgroup of 
A4CQ of rank 3g — 3 + k which is generated by the Dehn twists about the pants 
curves. As an immediate application of Theorem [3] we obtain a new proof of the 
following result of Farb, Lubotzky and Minsky [FLM01] . 

Corollary 3. For every pants decomposition P for S, the free abelian subgroup 
of M.CQ of rank 3g — 3 + k which is generated by the Dehn twists about the pants 
curves of P is an undistorted subgroup of M.CQ. 

The organization of this paper is as follows. In Section 2 we introduce the space 
of complete geodesic laminations. We also summarize some results on geodesic 
laminations and train tracks from the literature which are used throughout the 
paper. As mentioned above, in Section 3 we define the train track complex TT , 
and we show that TT is a connected metric graph. In Section 4 we show that the 
mapping class groups acts properly and cocompactly as a group of isometries on 
TT. 

In Section 5 we define a family of connected subgraphs of the train track complex, 
one for each complete train track r and for each complete geodesic lamination 
carried by r. We show that each of these subgraphs is isometric with respect 
to its intrinsic path metric to a cubical graph contained in an euclidean space of 
fixed dimension. In Section 6 we show that these "flat cones" are uniformly quasi- 
isometrically embedded in TT . This immediately implies Theorem [3] and Corollary 
[3] In Section 7 we use the results from the previous sections to show Theorem [T] 
In Section 8 we construct an explicit strong boundary for the mapping class group 
and derive Corollary [2l The proof of Theorem [2] is contained in Section 9. 

The results in Section 6 depend in an essential way on a technical property on 
train tracks which is established in the appendix in Section 10. The appendix only 
uses those results from the literature collected in Section 2 and is independent from 
the rest of the paper 

After we completed this work we obtained the preprint of Kida }Ki05j who shows 
with an inductive argument that the action of the mapping class group on its 
Stone Cech compactification is topologically amenable. By an observation of Higson 
and Roc HR00], this is equivalent to boundary amenability for the mapping class 
groups. Kida also obtains Corollary [2] 



2. Train tracks and geodesic laminations 

This introductory section is divided into two subsections. In the first subsection, 
we introduce the space of complete geodesic laminations for an oriented surface S 
of genus g > with k > punctures and where 3<? — 3 + k > 2. The second part 
summarizes some properties of train tracks on S which are used throughout the 
paper. 
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2.1. Complete geodesic laminations. Fix a complete hyperbolic metric h of 
finite volume on the surface S. A geodesic lamination for the metric h is a compact 
subset of S which is foliated into simple geodesies. Particular geodesic laminations 
are simple closed geodesies, i.e. laminations which consist of a single leaf. 

A geodesic lamination A is called minimal if each of its half-leaves is dense in 
A. Thus a geodesic lamination is minimal if it does not contain any proper sub- 
lamination, i.e. a proper closed subset which is a geodesic lamination. A simple 
closed geodesic is a minimal geodesic lamination. A minimal geodesic lamination 
with more than one leaf has uncountably many leaves and is called minimal ara- 
tional. Every geodesic lamination A is a disjoint union of finitely many minimal 
sublaminations and a finite number of isolated leaves. Each of the isolated leaves of 
A either is an isolated closed geodesic and hence a minimal component, or it spirals 
about one or two minimal components. We refer to |CB88( [CE G87J for a detailed 
discussion of the structure of a geodesic lamination. 

A geodesic lamination is finite if it contains only finitely many leaves, and this 
is the case if and only if each minimal component is a closed geodesic. A geo- 
desic lamination is maximal if it is not a proper sublamination of another geodesic 
lamination, and this is the case if and only if all complementary regions are ideal 
triangles or once punctured monogons |CEG87| . Note that a geodesic lamination 
can be both minimal and maximal. 

Since each geodesic lamination is a compact subset of the surface S, the space of 
all geodesic laminations can be equipped with the restriction of the Hausdorff topol- 
ogy for compact subsets of S. Moreover, the tangent lines of a geodesic lamination 
define a compact subset of the projectivized tangent bundle PTS of S. We there- 
fore can equip the space of geodesic laminations on S with the Hausdorff topology 
for compact subsets of PTS. However, these two topologies coincide |CB88j . and 
in the sequel we shall freely use these two descriptions interchangably. With this 
topology, the space of all geodesic laminations is compact, and it contains the space 
of all maximal geodesic laminations as a compact subset CB88 . 

Definition 2.1. A complete geodesic lamination is a maximal geodesic lamination 
which can be approximated in the Hausdorff topology by simple closed geodesies. 

Since every minimal geodesic lamination can be approximated in the Hausdorff 
topology by simple closed geodesies [CEG87 , laminations which are both maximal 
and minimal are complete. There are also complete finite geodesic laminations. 
Namely, let P be a pants decomposition of S, i.e. P is the union of 3g — 3 + m 
pairwise disjoint simple closed geodesies which decompose S into 2g — 2 + m planar 
surfaces of Euler characteristic —1. A geodesic lamination A with the following 
properties is complete. 

(1) The pants decomposition P is the union of the minimal components of A. 

(2) For each component Q of S—P and every pair 71 ^ 72 of boundary geodesies 
of Q there is a leaf of A contained in Q which spirals in one direction about 
71, in the other direction about 72. 



GEOMETRY OF THE MAPPING CLASS GROUPS I: BOUNDARY AMENABILITY 7 

(3) Each component Q of S — P containing a puncture of S contains a leaf of 
A which goes around a puncture and spirals in both directions about the 
same boundary component of Q. 

(4) For every component 7 of P, the leaves of A which spiral about 7 from each 
side of 7 define opposite orientations near 7 as in Figure A. 



Figure A 




The forth condition guarantees that we can approximate A by smooth simple closed 
curves which pass from a leaf spiraling about a component 7 of P from one side 
to a leaf spiraling about 7 from the other side and whose tangents are close to the 
tangent lines of A. 

Since maximal geodesic laminations form a closed subset of the space of all 
geodesic laminations, the set CC of all complete geodesic laminations is a closed 
subset of the space of all geodesic laminations with the Hausdorff topology. Thus 
CC is a compact topological space. A simple geodesic multi-curve is a disjoint union 
of simple closed geodesies. We have. 

Lemma 2.2. (1) Every geodesic lamination on S which can be approximated 
in the Hausdorff topology by simple geodesic multi-curves is a sublamination 
of a complete geodesic lamination. 
(2) Finite complete geodesic laminations are dense in the space of all complete 
geodesic laminations. 

Proof. Let A be any geodesic lamination on S which can be approximated in the 
Hausdorff topology by a sequence {cj} of simple geodesic multi-curves. For each 
i let Hi be a complete finite geodesic lamination which contains a as a union of 
minimal components. Such a geodesic lamination exists by the above example since 
each simple geodesic multi-curve is a subset of a pants decomposition for S. By 
passing to a subsequence we may assume that the geodesic laminations Zij converge 
as i — > 00 in the Hausdorff topology to a complete geodesic lamination fi. Since 
Cj — > A (i — > 00) in the Hausdorff topology the lamination /x contains A as a 
sublamination. This shows the first part of the lemma. 

Since by definition a complete geodesic lamination can be approximated in the 
Hausdorff topology by simple closed geodesies, the second part follows from the 
same argument together with the observation that a geodesic lamination which 
contains a complete geodesic lamination A as a sublamination coincides with A. □ 
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2.2. Complete train tracks. A train track on S is an embedded 1-complex tcS 
whose edges (called branches) are smooth arcs with well-defined tangent vectors 
at the endpoints. At any vertex (called a switch) the incident edges are mutually 
tangent. Through each switch there is a path of class C 1 which is embedded in r and 
contains the switch in its interior. In particular, the half-branches which are incident 
on a fixed switch of r are divided into two classes according to the orientation of 
the inward pointing tangent at the switch. Each closed curve component of r 
has a unique bivalent switch, and all other switches are at least trivalent. The 
complementary regions of the train track have negative Euler characteristic, which 
means that they are different from discs with 0, 1 or 2 cusps at the boundary and 
different from annuli and once-punctured discs with no cusps at the boundary. A 
train track is called maximal if each of its complementary components either is a 
trigon, i.e. a topological disc with three cusps at the boundary, or a once punctured 
monogon, i.e. a once punctured disc with one cusp at the boundary. We always 
identify train tracks which are isotopic. 

Train tracks were invented by Thurston |T79j and provide a powerful tool for 
the investigation of surfaces and hyperbolic 3-manifolds. A detailed account on 
train tracks can be found in the book [PH92J of Penner with Harer which we use 
as our main reference. The more recent unpublished manuscript [M03] of Mosher 
contains a discussion of train tracks from a somewhat different viewpoint, however 
it will not be used in this paper. 

A trainpath on a train track r is a C 1 -immersion p : [m, n] — > r C S which maps 
each interval [k, k + 1] (m < k < n — 1) onto a branch of r. The integer n — m is 
then called the length of p. We sometimes identify a trainpath on S with its image 
in r. Each complementary region of r is bounded by a finite number of trainpaths 
which either are simple closed curves or terminate at the cusps of the region. 

A train track is called generic if all switches are at most trivalent. The train 
track r is called transversely recurrent if every branch b of r is intersected by an 
embedded simple closed curve c = c(b) C S which intersects r transversely and is 
such that S — t — c does not contain an embedded bigon, i.e. a disc with two corners 
at the boundary. 

Remark: 1) We chose to use transversely recurrent train tracks for our purpose 
even though this property is nowhere needed. The main reason for using trans- 
versely recurrent train tracks is convenience of reference to the existing literature. 

2) Throughout the paper, we require every train track to be generic, and this is 
indeed necessary for many of our constructions. Unfortunately this leads to a slight 
inconsistency of our terminology with the terminology found in the literature. 

Every generic train track r on S is contained in a closed subset A of S with 
dense interior and piecewise smooth boundary which is foliated by smooth arcs 
transverse to the branches of r. These arcs are called ties for r, and the set A is 
called a foliated neighborhood of r (even though A is not a neighborhood of r in 
the usual sense). Each of the ties intersects r in a single point, and the switches 
of t are the intersection points of r with the singular ties, i.e. the ties which are 
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not contained in the interior of a foliated rectangle R C A. Collapsing each tie to 
its intersection point with r defines a map F : A — > r of class C 1 which we call a 
collapsing map. The map F is the restriction to A of a map F : S — > S of class C 1 
which is homotopic to the identity. 

A train track or a geodesic lamination A is carried by a transversely recurrent 
train track r if there is an isotopy <p of S such that A is contained in a foliated 
neighborhood A of ip(r) and is transverse to the ties. This is equivalent to stating 
that there is a map G : S — > S of class C 1 which is homotopic to the identity and 
which maps A to r in such a way that the restriction of the differential of G to every 
tangent space of A is non-singular. Note that this makes sense since a train track 
has a tangent line everywhere (compare Theorem 1.6.6 of [PH92 ). We then call the 
restriction of G to A a carrying map. Every train track r which carries a maximal 
geodesic lamination is necessarily maximal [PH92j . The set of geodesic laminations 
which are carried by a transversely recurrent train track r is a closed subset of 
the space of all geodesic laminations on S with respect to the Hausdorff topology 
(Theorem 1.5.4 of |PH92| . or see [CB88] for the same result for train tracks which 
are not necessarily transversely recurrent). 

A transverse measure on a train track r is a nonnegative weight function fi on 
the branches of t satisfying the switch condition: For every switch s of r, the half- 
branches incident at s are divided into two classes according to the orientation of 
their inward pointing tangent at s. We require that the sums of the weights over 
all branches in each of the two classes coincide. The train track is called recurrent 
if it admits a transverse measure which is positive on every branch. We call such a 
transverse measure /i positive, and we write /i > 0. The set V(r) of all transverse 
measures on r is a closed convex cone in a linear space and hence topologically it is 
a closed cell. For every recurrent train track r, positive measures define the interior 
of the convex cone V(r). A train track r is called birecurrent if r is recurrent and 
transversely recurrent. 

A measured geodesic lamination is a geodesic lamination equipped with a trans- 
verse Borel measure of full support which is invariant under holonomy [PH92] . A 
measured geodesic lamination can be viewed as a locally finite Borel measure on 
the space of unoriented geodesies in the universal covering H 2 of S which is 
invariant under the action of tti(S) and supported in the closed set of geodesies 
whose endpoints are not separated under the action of tti(S). The weak*-topology 
on the space of 7Ti(S')-invariant locally finite Borel measures on Soo then restricts 
to a natural topology on the space MC of all measured geodesic laminations. 

If A is a geodesic lamination with transverse measure /i and if A is carried by 
a train track r, then the transverse measure /i induces via a carrying map A — > r 
a transverse measure on r, and every transverse measure on r arises in this way 
(Theorem 1.7.12 in PH92 ). Moreover, if r is maximal and birecurrent, then the set 
of measured geodesic laminations which correspond to positive transverse measures 
on r in this way is an open subset U of AiC (Lemma 3.1.2 in |PH92j ). 

We use measured geodesic laminations to relate maximal birecurrent train tracks 
to complete geodesic laminations. Note that the first part of the following lemma 
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is well known and reflects the fact that the space CC of complete geodesic lamina- 
tions is totally disconnected. We refer to |Bo97j and [ZB04] for more details and 
references about the Hausdorff topology on the space of all geodesic laminations. 

Lemma 2.3. Let r be a maximal transversely recurrent train track. Then the set 
of all complete geodesic laminations on S which are carried by r is open and closed 
in CC. This set is non-empty if and only if t is recurrent. 

Proof. Let r be a maximal transversely recurrent train track on S. Then the subset 
of CC of all complete geodesic laminations which are carried by r is closed (Theorem 
1.5.4 of [FH92] ). 

On the other hand, if A £ CC is carried by r then after possibly modifying r 
with an isotopy we may assume that there is a foliated neighborhood A of r with 
collapsing map F : A — > t which contains A in its interior and such that A is 
transverse to the ties of A. Since the space of tangent lines PTX of A is a compact 
subset of the projectivized tangent bundle PTS of S, there is a neighborhood U of 
PTX in PTS which is mapped by the canonical projection PTS — > S into A and 
such that the differential of F is non-singular on each line in U. As a consequence, 
a geodesic lamination whose space of tangent lines is contained in U is carried by r. 
Since the Hausdorff topology on the space of geodesic laminations coincides with 
the Hausdorff topology for their projectivized tangent bundles, the set of all such 
geodesic laminations which are moreover complete is a neighborhood of A in CC. 
This shows that the set of all complete geodesic laminations which are carried by 
t is open and closed in CC. 

To show the second part of the lemma, let r be a maximal transversely recurrent 
train track on S which carries a complete geodesic lamination A G CC. To see that 
r is recurrent, let {ci} be a sequence of simple closed geodesies which approximate 
A in the Hausdorff topology. By the above consideration, the curves c$ are carried 
by t for all sufficiently large i. Let Fi : Ci — > r be a carrying map. Then for each 
sufficiently large i, the curve Cj defines a counting measure on t by associating to 
each branch b of r the number of components of F^~ (&). This counting measure 
satisfies the switch condition. Now a carrying map F : A — > r maps A onto t since 
A is maximal, and hence the same is true for the carrying map Fi : a — * r provided 
that i is sufficiently large. Thus for sufficiently large i, the counting measure defined 
by Ci is positive and therefore r is recurrent. 

To show that a maximal birecurrent train track carries a complete geodesic 
lamination, recall that a geodesic lamination which is both minimal and maximal is 
complete and supports a transverse measure |CEG87j . Since the set of all measured 
geodesic laminations carried by a maximal birecurrent train track t has non-empty 
interior, it is enough to show that the set of measured geodesic laminations whose 
support is minimal and maximal is dense in the space MC of all measured geodesic 
laminations. 

However, as was pointed out to me by McMullen, this follows for example from 
the work of Kerckhoff , Masur and Smillic KMS86 . Namely, the vertical foliation of 
a quadratic differential defines a measured geodesic lamination, and every measured 
geodesic lamination is of this form |T79j . The set of measured geodesic laminations 
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which arise from quadratic differentials with only simple zeros is dense in the space 
of all measured geodesic laminations (compare the discussion in [KMS86] ). Given 
such a quadratic differential q, there are only countably many 9 G [0, 2ir] such that 
the vertical foliation of e lB q contains a compact vertical arc connecting two zeros of 
q. On the other hand, for each quadratic differential q the set of all 9 G [0, 2ir] such 
that the vertical foliation of e lS q is uniquely ergodic and hence minimal has full 
Lebesgue measure. Thus there is a dense set of points 9 G [0, 2tt] with the property 
that the vertical foliation of e t9 q is both minimal and maximal. 

As a consequence, a maximal birecurrent train track carries a geodesic lamination 
which is both maximal and minimal and hence complete. □ 

Definition 2.4. A train track r on S which is generic, maximal and birecurrent is 
called complete. 

Note that this definition of a complete train track slightly differs from the one 
in [PH92 since we require a complete train track to be generic. By Lemma 12. 3[ 
a generic transversely recurrent train track is complete if and only if it carries a 
complete geodesic lamination. 

There are two basic ways to modify a complete train track to another complete 
train track. Namely, let b be a half-branch of a generic train track r and let v be a 
trivalent switch of r on which b is incident. Then b is called large if any immersed 
arc of class C 1 in r through v intersects b. The branch b of r containing b is called 
large at v. A half- branch which is not large is called small. A branch b in a generic 
train track t large if each of its two half-branches is large. A large branch b is 
necessarily incident on two distinct switches, and it is large at both of them. A 
branch is called small if each of its two half-branches is small. A branch is called 
mixed if one of its half-branches is large and the other half-branch is small (for all 
this, see [PH921 p.118). 

The two basic ways to modify a complete train track r to another complete train 
track are as follows. First, we can shift t along a mixed branch to a train track r' 
as shown in Figure B. If r is complete then the same is true for r'. Moreover, a 



train track or a geodesic lamination is carried by r if and only if it is carried by r' 
(see |PH92j p. 119). In particular, the shift r' of r is carried by r. Note that there 
is a natural bijection of the set of branches of r onto the set of branches of r'. 

Second, if e is a large branch of r then we can perform a right or left split of r 
at e as shown in Figure C. Note that a right split at e is uniquely determined by 
the orientation of S and does not depend on the orientation of e. Using the labels 
in the figure, in the case of a right split we call the branches a and c winners of 
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the split, and the branches b, d are losers of the split. If we perform a left split, 
then the branches b, d are winners of the split, and the branches a, c are losers of 
the split (see |MM99| ). The split t' of a train track r is carried by r. There is a 
natural bijection of the set of branches of r onto the set of branches of r' which 
maps the branch e to the diagonal e' of the split. The split of a generic maximal 
transversely recurrent train track is generic, maximal and transversely recurrent. If 
r is complete and if A 6 CC is carried by r, then there is a unique choice of a right 
or left split of r at e with the property that the split track r' carries A. We call r' 
the X-split of r. By Lemma l2.3[ the train track r' is recurrent and hence complete. 
In particular, a complete train track r can always be split at any large branch e to 
a complete train track r'; however there may be a choice of a right or left split at e 
such that the resulting track is not recurrent any more (compare p. 120 in |PH92j ). 
The reverse of a split is called a collapse. 

3. The complex of train tracks 

Let as before S be an oriented surface of genus g > with k > punctures and 
where 3g — 3 + k > 2. Using the notations from Section 2, define TT to be the 
directed graph whose set of vertices is the set V(TT) of isotopy classes of complete 
train tracks on S and whose edges are determined as follows. The train track r is 
connected in TT to the train track r' by a directed edge if and only if r' can be 
obtained from r by a single right or left split. The goal of this section is to show 
that TT is connected. 

For this note that transversely recurrent train tracks can be viewed as finite 
combinatorial approximations of geodesic laminations (which in general have un- 
countably many leaves). Indeed, Theorem 1.6.5 of |PH92j shows that a geodesic 
lamination A can be approximated in the Hausdorff topology by transversely re- 
current train tracks which moreover carry A. This does not imply, however, that a 
transversely recurrent train track r which is close to A in the Hausdorff topology 
necessarily carries A. For example, r could have a very short branch which makes 
a sharp turn in the wrong direction. In fact, it is not difficult to see that a finite 
complete geodesic lamination A can be approximated in the Hausdorff topology by 
transversely recurrent train tracks which do not carry A. 

Since carrying is a relation determined by maps of class C , with restrictions 
on the tangent map, to relate an approximation of a geodesic lamination by train 
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tracks to carrying we have to use approximations in the Hausdorff topology for 
compact subsets of the projectivized tangent bundle PTS of S. To this end, we use 
geometric realizations of train tracks. Note that this is consistent with the fact that 
a geodesic lamination is a geometric representative of a purely topological object, 
defined independently of the choice of a complete hyperbolic metric of finite volume 
on S. 

The representative of a train track r which we use is its straightening with respect 
to a hyperbolic metric on S. This straightening is the immersed graph in S whose 
vertices are the switches of r and whose edges are the unique geodesic arcs which 
are homotopic with fixed endpoints to the branches of t. The tangent lines of the 
straightening of r then define a closed subset of the projectivized tangent bundle 
PTS of S. The hyperbolic metric on S naturally induces a Riemannian metric and 
hence a distance function on PTS. For a number e > we say that the train track 
r e-follows the geodesic lamination A if the tangent lines of the straightening of r 
are contained in the e-neighborhood of the projectivized tangent bundle PTX of A 
and if moreover the straightening of every trainpath on r is a piecewise geodesic 
whose exterior angles at the breakpoints are not bigger than e (here a vanishing 
exterior angle means that the arc is smooth). The train track r is a-long for a 
number a > if the length of every edge of the straightening of r is at least a. 

The following technical lemma is a strengthening of Theorem 1.6.5 of [PH92 
which follows from the same line of arguments. It shows that a geodesic lamination 
A can be approximated in the C^-topology by train tracks which carry A. 

Lemma 3.1. There is a number a > with the following property. Let A be 
any geodesic lamination on S. Then for every e > there is an a-long generic 
transversely recurrent train track r which carries A and which e-follows A. 

Proof. By the collar theorem for hyperbolic surfaces (see [B92 ) , a complete simple 
geodesic on S which is contained in a compact subset of S does not enter deeply 
into a cusp. This means that there is a compact bordered subsurface So of S which 
contains the 1-neighborhood of every geodesic lamination on S. Let k > be the 
maximal number of branches of any train track on S (this only depends on the 
topological type of S) and let a £ (0, 1) be sufficiently small that (5k + 2)a is 
smaller than the smallest length of any non-contractible closed curve in So. 

For e > there is a number So = ^o(e) £ (0, a/2) with the following property. Let 
7 be a geodesic line in H 2 and let £ be an arc in H 2 which consists of two geodesic 
segments of length at least a. Assume that £ is contained in the (^-neighborhood of 
7 and that the length of C does not exceed the sum of the distance of its endpoints 
and 4^o- Then the tangent lines of £ are contained in the e-neighborhood of the 
tangent lines of 7 as subsets of the projectivized tangent bundle of H 2 , and the 
exterior angle at the breakpoint of £ is at most e. 

We now use the arguments of Casson and Bleiler as described in the proof of 
Theorem 1.6.5 of PH92 . Let A be a geodesic lamination on S and for <5 > 
let N$ be the closed ^-neighborhood of A in S. This neighborhood lifts to the 6- 
neighborhood N$ of the lift A of A to the hyperbolic plane H 2 . For sufficiently small 
S, say for all 5 < S%, each component of H 2 — A contains precisely one component of 
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H 2 — Ng. These components are polygons whose sides are arcs of constant geodesic 
curvature, and this curvature tends to with S. 

Let S < min{(5o, Si} be sufficiently small that Ng can be foliated by smooth 
vertical arcs which are transverse to the leaves of A and of length smaller than So. We 
may assume that the arcs through the finitely many corners of the complementary 
components of Ng are geodesies (p. 74-75 in }PH92j ). We call this foliation of Ng the 
vertical foliation, and we denote it by T 1 - . The singular leaves of J 7 , i.e. the leaves 
through the corners of S — Ng, decompose Ng into closed foliated rectangles with 
embedded interior. Two opposite sides of these rectangles are subarcs of singular 
leaves of the vertical foliation and hence they are geodesies. The other two sides 
are arcs of constant curvature. The intersection of any two distinct such rectangles 
is contained in the singular leaves of T 1 - . Moreover, the rectangles are projections 
to S of convex subsets of the hyperbolic plane. After a small adjustment near 
the corners of the complementary components of Ng, collapsing each leaf of T 1 - 
to a suitably chosen point in its interior defines a train track r on S and a map 
F : Ng — > t of class C 1 which is homotopic to the identity and whose restriction to A 
is a carrying map A — > r. The switches of r are precisely the collapses of the singular 
leaves of r, and each branch of t is a collapse of one of the foliated rectangles. The 
set Ng is a foliated neighborhood of r. Every edge of the straightening of r is a 
geodesic arc which is contained in one of the rectangles and connects the two sides 
of the rectangle contained in leaves of J- 1 - . Via slightly changing S we may assume 
that t is generic; this is equivalent to saying that each singular leaf of J- 1 - contains 
precisely one corner of a component of S — Ng. The train track r is transversely 
recurrent [PH92j . 

Define the length £(R) of a foliated rectangle R C Ng as above to be the intrinsic 
distance in R between its two sides which are contained in T . Since a rectangle 
R lifts to a convex subset R of the hyperbolic plane, this length is just the distance 
between the two geodesic sides of R. Let Ri ^ i?2 be two rectangles which intersect 
along a nontrivial subarc c of a singular leaf of T 1 - . Let ai be the side of Ri opposite 
to the side containing c. Then R1UR2 contains a geodesic segment 7 which connects 
ai to 0,2 and intersects c. The segment 7 is a subarc of a leaf of A, and its length 
is not smaller than £(Ri) + i{R<z). Hence the length of any curve in S with one 
endpoint in ai and the second endpoint in ai which is homotopic to 7 relative to 
ai U 0,2 is not smaller than £{R\) + £{R2) — 2<5o. On the other hand, the length of a 
geodesic arc contained in Ri and connecting ai to c which is homotopic to 7 n Ri 
relative to a.j U c is not bigger than £(Ri) + 2So. 

Let £ be the subarc of the straightening of r which consists of the straightening 
of the collapses of the rectangles R\ and i?2- By convexity, £ n Ri is contained in 
the ^-neighborhood of the geodesic arc 7II R4, and the length of £ does not exceed 
the sum of the length of the geodesic homotopic to C with fixed endpoints and 4Sq. 
Thus by the choice of So, the train track t e- follows A provided that the length of 
each edge from the straightening of r is at least a, and this is the case if the length 
of each of the rectangles is at least a. 

We now successively modify the train track r to a train track r' which is em- 
bedded in Ng and transverse to the ties, which carries A and such that the length 
of each edge from the straightening of r' is at least a as follows. Call a rectangle 
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R short if its length is at most a. Let n > be the number of short rectangles 
in N$. If n = then r is a- long, so assume that n > 0. We remove from Ns a 
suitably chosen geodesic arc (3q so that Ns — Po is partitioned into rectangles which 
are foliated by the restriction of the vertical foliation J 7 ^ and for which the number 
of short rectangles is at most n — 1. 

This unzipping of the train track r ([PH92] p. 74-75) is done as follows. Let 
R C Ns be a short rectangle. The boundary dR of R contains a corner i of a 
complementary component T of Ns- This corner projects to a switch F(x) of r, 
and the collapse of i? is incident on F(x). Let T be a lift of the complementary 
component T to H 2 and let x be the lift of x to T. Let A be the lift of A to H 2 ; 
then T is contained in a unique component C of H 2 — A. The point x is at distance 
S to two frontier leaves of C . Since every complementary component of A contains 
precisely one complementary component of H 2 — Ns, these leaves have a common 
endpoint £ in the ideal boundary of H 2 . There is a unique geodesic ray (3 in H 2 
which connects x to £, and this ray is entirely contained in the intersection of Ns 
with the component C of H 2 — A. The projection of (3 to S is a one-sided infinite 
simple geodesic (3 beginning at x which is contained in Ns and is disjoint from A. 
We may assume that (3 is parametrized by arc length and is everywhere transverse 
to the leaves of the foliation J 7 . In particular, the collapsing map F maps (3 up 
to parametrization to a one-sided infinite trainpath on r. 

We claim that the finite subarc (3q of (3 of length 5ka which begins at x is mapped 
by F injectively into r. For this note that by the choice of the constant a > 0, 
the length of the union of j3o with any leaf of the vertical foliation J 71 - is smaller 
than the minimal length of a non-contractible closed curve in the compact surface 
Sq D Ns- If /3q intersects the same leaf of the vertical foliation twice then there is 
a subarc fix of (3q whose concatenation with a subarc of a leaf of J 71 - is a closed 
curve c of length smaller than 5ka + a which is contained in Ns C Sq. By the choice 
of the constant a, the curve c is contractible in S. On the other hand, c is freely 
homotopic to the image of (3i under the collapsing map F and hence to a subarc of 
a trainpath on r which begins and ends at the same point (the induced orientations 
of its tangent line at that point may be opposite) . By the definition of a train track, 
such a curve is homotopically nontrivial in S which is a contradiction. 

Therefore (3q intersects each leaf of the vertical foliation T 1 - at most once and 
hence it is mapped by F injectively into r. The length of the intersection of (3q with 
a rectangle R' from our system of rectangles is at most i(R') + 25o < £(R') + a. On 
the other hand, there are at most k distinct rectangles in our system of rectangles 
and hence (3q intersects the interior of a rectangle of length at least 4a. 

Let t 6 [0, 5fca] be the infimum of all numbers s > such that (3(s) is contained 
in the interior of a rectangle R of length at least 4a. Then F(f3(t)) is a switch in r, 
and (3(t + 2a) is an interior point of R. We may assume that the leaf of the vertical 
foliation through (3{t + 2a) is a geodesic. Then this leaf subdivides the rectangle R 
into two foliated rectangles of length at least a. Cut Ns open along /3[0, t + 2a) as 
shown in Figure D. Since (3 is transverse to the vertical foliation J 7 - 1 , the foliation 
J 71 - restricts to a foliation of Ns — (3[0, t + 2a). Now j3 is disjoint from A, and hence 
collapsing each leaf of T 1 - \N$ — (3[0,t + 2a) to a suitably chosen point in its interior 
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yields a train track a which carries A. The switches of a are the collapses of the 
singular leaves of J r± \Ng — /3[0, t + 2a). Thus Ng — 0[O, t + 2a) is partitioned into 
a finite number of rectangles as before. Each of these rectangles lifts to a convex 
subset of the hyperbolic plane. The restriction to a of the collapsing map F defines 
a map a — » r with the property that the preimage of every switch w ^ F(x) of r 
consists of exactly one switch of a. Note that a is transversely recurrent and carries 
A [PH92] , 

We claim that the number of short rectangles of Ng — (3[0, t + 2a) is at most n— 1. 
For this let e be the branch of r which is incident and large at the switch F(x) and 
write Ro = F~ 1 (e). Also denote by R-i, R-2 the (not necessarily distinct) rectan- 
gles which are mapped by F onto the branches of r which are incident and small 
at F(x). These rectangles are properly contained in rectangles A(R-i), A(i?_ 2 ) in 
Ng — f3[0, t + 2a). There is a short rectangle among the rectangles -R-2, R-i,Ro- 

Assume that for some q > 0, the path F(f3[0, t + 2a)) on r passes through the 
switches F(x), v\, . . . , v q = F((3{t)) of r in this order. If q = then we have 
l(A(R^i)) > £(R-i) + a > a for i = 1, 2. Since every rectangle in Ng different from 
Ri for i = —2, — 1, is also a rectangle in iV^ — /3[0, t + 2a), in this case the claim is 
obvious. 

In the case q > 1, we obtain the same conclusion as follows. For i = 1, 2 let as 
before A(R-i) be the rectangle in N$ — f3o[t, 2a) which contains R-i- Note that by 
the definition of length and by convexity, we have 

(1) t{A{R-i)) > l{R-i) + £(Ro). 

We extend the map A to a bijection from the rectangles in N$ to the rectangles in 
Ng — (3[0,t + 2a) and compare the length of a rectangle 7? in Ng to the length of 
A{R) in Ng — /3q [0, t + 2a) as follows. For 1 < i < q — 1 let Ri be the rectangle in Ng 
which is mapped by F to the branch of r which is incident on the switches Vi and 
Vi+i and is crossed through by the path F(/3[0, t + 2a)). For each i € {1, . . . , q — 1}, 
the point n a is a switch in a. Thus there is a unique rectangle A(Ri) in 

Ng — j3[0, t + 2a) which is mapped by F to a trainpath p : [0, s] — > r with p(0) = m 
and p[Q, 1] = F(Ri). Also let R q be the rectangle R in iV^ which contains /3(t + 2a) 
in its interior, and let A(R q ) be the rectangle in Ng — /3[0, t + 2a) which is mapped 
by F onto the arc F((3[t, t + 2a]). Finally, the rectangle Ro is mapped by A to the 
rectangle which is contained in R q and whose collapse to a branch of a is large at 
the switch which is the collapse of f3o(t + 2a). 
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Note that for i e 1 < i < q — 1 the length of A(Ri) is not smaller than the length 
of Ri, and the length of A(Rq) and of A{R q ) is at least a. Hence for every rectangle 
R in Ng different from Rq, R q the length of A(R) is not smaller than the length of 
R. Now if the rectangle i?o is short, then a rectangle A(R) can only be short if R 
is short and different from Rq. On the other hand, if the length of the rectangle 
i?o is at least a, then at least one of the rectangles J2_i,i2_2 is short. Moreover, 
by inequality fl}, the length of each of the rectangles A(Ri) for i = —2, —1, 0, q is 
at least a and hence a rectangle A(R) can only be short if R is short and different 
from both R-i, R-2- This shows the above claim. 

We can repeat this construction with the train track a and the foliated set 
Ng — j3[0, t + 2a) . Namely, a short rectangle in Ng — /3[0, t + 2a) does not contain the 
point (3(t + 2a) in its closure. Thus if R' is any short rectangle in Ng — /3[0, t + 2a), 
then its boundary contains a corner of a complementary component of S — Ng as 
before, and this corner is the starting point of a one-sided infinite simple geodesic 
(3' which is contained in Ng and is disjoint from both A and (3. As a consequence, 
(3' is contained in Ng — j3[0,t + 2a] and we can use our above construction for (3' 
and Ng — f3[0, t + 2a) to reduce the number of short rectangles of Ng — /3[0, t + 2a). 

In this way we construct inductively in a uniformly bounded number of steps a 
train track r\ which is embedded in Ng, which carries A and such that the length of 
the straightening of each branch of r\ is at least a. Thus by the choice of 6 and our 
construction, the train track r\ is a-long and e-follows A. This shows the lemma. □ 

The next lemma shows how C^-approximation of geodesic laminations by train 
tracks relates to carrying. 

Lemma 3.2. Let X be a geodesic lamination and let r be a train track which carries 
A. Then there is a number e > such that r carries each train track a which e- 
follows A. 

Proof. Let r be a train track which carries the geodesic lamination A. By Theorem 
1.6.6 of [PH92] . after possibly changing r by an isotopy we may assume that A is 
contained in the interior of a foliated neighborhood A of r and is transverse to the 
ties. The restriction of the differential dF of the collapsing map F : A — » r to 
each tangent line of A is nonsingular. Since A is a compact subset of S and the 
projectivized tangent bundle PTX of A is a compact subset of the projectivized 
tangent bundle PTS of S, there is a number e > such that A contains the e- 
neighborhood of A and that moreover the restriction of dF to each line z £ PTS 
which is contained in the e-neighborhood of PTX is nonsingular. 

The straightening a of train track £ which e/2-follows A is embedded in A and is 
transverse to the ties. The collapsing map F restricts to a map on a which maps a 
to t. Its differential maps each tangent line of a onto a tangent line of r. If p C er is 
the straightening of any trainpath on £, then the exterior angles at the breakpoints 
of p are at most e/2. Thus we can smoothen the graph a near its vertices to a train 
track a' which is isotopic to C and embedded in A and such that the restriction of 
dF to each tangent line of a' is nonsingular. But this just means that a' is carried 
by r, with carrying map F\a' . This shows the lemma. □ 
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The space VM.L of •projective measured geodesic laminations on S is the quotient 
of the space M.L of measured geodesic laminations under the natural action of the 
multiplicative group (0, oo). The space VM.C will be equipped with the quotient 
topology. With this topology, VAiC is homeomorphic to a sphere [FLP91J. The 
mapping class group acts naturally on VAiC as a group of homeomorphisms. We 
use this action to show. 

Lemma 3.3. Let A, /i be any two complete geodesic laminations. Then there is a 
complete train track t which carries both A,/x. 

Proof. The mapping class group M.CQ acts on the space of isotopy classes of com- 
plete train tracks, and it acts as a group of homeomorphisms on the space VAiC of 
projective measured geodesic laminations. Every pseudo-Anosov element g G AiCQ 
admits a pair of fixed points a + ^ a_ in VAiC and acts with respect to these fixed 
points with sourth-sink dynamics: For every neighborhood V of a + and every 
neighborhood W of a_ there is a number k > such that g k (VAiC — W) C V and 
g~ k (VAiC — V) C W . Then a + is called the attracting fixed point of g. 

The fixed points of pseudo-Anosov elements in AiCQ are measured geodesic lam- 
inations whose support is minimal and fills up S. This means that the complemen- 
tary components of this support are topological discs or once punctured topological 
discs. As a consequence, every complete geodesic lamination which contains the 
support of such a fixed point as a sublamination consists of this support and finitely 
many isolated leaves. In particular, there are only finitely many complete geodesic 
laminations of this form. 

For every complete train track r on S there is an open subset U of VAiC with 
the property that the support of each measured geodesic lamination A G U is 
carried by r [PH92] , The set U corresponds precisely to those projective measured 
geodesic laminations which are defined by positive projective transverse measures 
on t (Theorem 1.7.12 in [PH92J ). 

Let A, /i S CC be any two complete geodesic laminations. Since fixed points 
of pseudo-Anosov elements in AiCQ are dense in VAiC there is a pseudo-Anosov 
element g G AiCQ with the following properties. 

(1) The attracting fixed point a+ G VAiC of g is contained in the set U. 

(2) Every leaf of the support of the repelling fixed point a_ of g intersects 
every leaf of A, \i transversely. 

By Lemma |2.2[ there is a complete geodesic lamination which contains the sup- 
port of a+ as a sublamination. We claim that each such complete geodesic lami- 
nation v is carried by r. Namely, choose a sequence of simple closed geodesies {c,} 
which converge in the Hausdorff topology to v. Then each of the curves c$ defines 
a projective measured geodesic lamination. After passing to a subsequence we may 
assume that these projective measured geodesic laminations converge as i — > oo in 
VMC to a projective measured geodesic lamination ( G VM.L whose support is 
necessarily a sublamination of v. Since the support of a+ is the only minimal com- 
ponent of v, the support of £ coincides with the support of a.+ . Now the support 
of a + is uniquely ergodic which means that there is a single projective measured 
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geodesic lamination whose support equals the support of a+ [FLP91 . Thus £ = a+ 
and the projective measured geodesic laminations defined by ct converge as i — » oo 
to a+. In particular, for sufficiently large i these projective measured geodesic lam- 
inations are contained in the open set U and the curves Cj are carried by r. The set 
of geodesic laminations which are carried by r is closed in the Hausdorff topology 
and hence v is carried by r as well. As a consequence, r carries every complete 
geodesic lamination which contains the support of a+ as a sublamination. 

Up to passing to a subsequence, as k — > oo the complete geodesic laminations 
g k (X), g k {p) converge in the Hausdorff topology to complete geodesic laminations 
A, ft. Moreover, for any projective transverse measure {3, £ supported in A, /U the 
projective measured geodesic laminations g k (3,g k t; converge as k — > oo to one of 
the two fixed points for the action of g on VMC which moreover is sup- 

ported in A, ft. By (2) above, the geodesic laminations A, fx intersect the support 
of the lamination a_ transversely and therefore g k (3 — > a + ,g k ^ — > a + as k — > oo 
FLP9T]. As a consequence, the laminations A, ft contain the support of a + as a 
sublamination. Thus by the above consideration, X,ft are carried by r. By Lemma 
12.31 the set of all complete geodesic laminations which are carried by r is an open 
subset of the space CC of all complete geodesic laminations and hence there is some 
k > such that the laminations g k X, g k p are both carried by r as well. Then A, fi 
are carried by the train track g~ k {r). This completes the proof of the lemma. □ 

Write ct ~< r if the train track ct is carried by the train track r. We have. 

Corollary 3.4. For complete train tracks r, a on S there are complete train tracks 
To, cto, C such that tq -< t,tq -< ( and cto -< &, Co ^ C- 

Proof. For complete train tracks t, ct on 5 choose geodesic laminations A, \i such 
that A is carried by r and /i is carried by ct. By Lemma 13.31 there is a complete 
train track £ which carries both A and fi. 

By Lemma 13. 1[ for every e > there is a complete train track rx e , cr^ e which 
e-follows A, /i. By Lemma l3.2[ for sufficiently small e the train tracks T>, e ,CTp, e are 
carried by £ and moreover T\ lS is carried by r, cta.c is carried by ct. □ 

A map p which assigns to a positive integer k contained in an interval [m, n] Cl 
a complete train track p(k) such that p(k + 1) is obtained from p{k) by a single 
split will be called a splitting sequence. If there is a splitting sequence connecting 
a train track t to a train track ct then we say that r is splittable to ct. A map p 
which assigns to each integer k from an interval [m, n] C K a complete train track 
p(A:) such that either p(k + 1) is obtained from p(k) by a single split or a single 
collapse is called a splitting and collapsing sequence. The following corollary is a 
consequence of Corollary [3T] and Corollary 2.4.3 of [PH92J. 

Corollary 3.5. Any two complete train tracks on S can be connected by a splitting 
and collapsing sequence. 
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Proof. By Corollary 2.4.3 of [PH92 , if a complete train track r is carried by a 
complete train track a then there is a complete train track p which can be obtained 
from both r and a by a splitting sequence. Namely, since r is birecurrent and 
maximal it carries a geodesic lamination which is both minimal and maximal (see 
the discussion in the proof of Lemma l2.3p . This geodesic lamination is the support 
of a transverse measure and hence it defines a measured geodesic lamination /x. 
Corollary 2.4.3 of [PH92] shows that a and r can be split to the same generic 
birecurrent train track r\ which carries the measured geodesic lamination fi (where 
a splitting move in the sense of Pcnncr and Harer may be a collision which is defined 
to be a split followed by the removal of the diagonal of the split). Since the support 
of the measured geodesic lamination /i is a maximal geodesic lamination, the train 
track 77 is maximal and hence complete (and no collision can have occurred in the 
process). 

Let t, o~ be any complete train tracks on S, and let to,cto,C be as in Corollary 
13.41 Then the train tracks r, To are both splittable to the same complete train track 
T\ , and the train tracks a, ctq are both splittable to the same complete train track 
u\. In particular, the train tracks T\,a\ are carried by (. Using Corollary 2.4.3 of 
PH92] once more we deduce that the train tracks T\ , £ are splittable to the same 
train track T2, and the train tracks 01, £ are splittable to the same train track 02 • 
But this just means that there is a splitting and collapsing sequence from r to a 
which passes through t\ , t%, £, 01 , a\ . □ 

The following corollary is now immediate from Corollary 13. 51 
Corollary 3.6. The train track complex TT is connected. 

As a consequence, if we identify each edge in TT with the unit interval [0, 1] 
then this provides TT with the structure of a connected locally finite metric graph. 
Thus TT is a locally compact complete geodesic metric space. In the sequel we 
always assume that TT is equipped with this metric without further comment. 

4. Train tracks and the mapping class group 

The purpose of this section is to show that the connected graph TT which we 
defined in Section 2 is quasi-isometric to the mapping class group of the surface S 
of genus g with m punctures where 3g — 3 + to > 2. A quasi- isometry between two 
metric spaces was defined in the introduction. 

Consider first the Teichmiiller space T g ^ of complete marked hyperbolic metrics 
on S of finite volume. Let e > be smaller than half of a Margulis constant for 
hyperbolic surfaces (see |B92j ). Call a surface So € T g ^ thick if the systole of So, 
i.e. the length of the shortest closed geodesic, is at least e. For sufficiently small e 
the set Thick of thick surfaces is a connected closed subset of T g ^ with dense interior 
which is invariant under the natural action of the mapping class group M.CQ . The 
quotient of Thick under the action of A4CQ is compact. 

The Teichmiiller metric on T g ^ is a complete A4CC?-invariant Finsler metric 
J || . We equip Thick with the path metric defined by the restriction of this Finsler 



GEOMETRY OF THE MAPPING CLASS GROUPS I: BOUNDARY AMENABILITY 21 

metric. In other words, the distance between two points in 7thick is defined to be 
the infimum of the || || -lengths of paths in 7thick connecting these two points. With 
respect to this distance function, the mapping class group M.CQ acts properly 
discontinuously, isometrically and cocompactly on TjJhick- 

The mapping class group M.CQ is finitely generated (see [I02J ) . A finite symmet- 
ric set Q of generators defines a word norm and hence an A4C(?-invariant distance 
on M.CQ. We always assume that hACQ is equipped with such a fixed distance. 
The next easy lemma is included here as an illustration of the various ways to 
understand the geometry of AiCQ. 

Lemma 4.1. A4CQ and 7thick are equivariantly quasi-isometric. 

Proof. The mapping class group M.CQ acts on the length space 7^hick isometrically, 
properly and cocompactly. By the well known lemma of Svarc-Milnor (Proposition 
1.8.19 in BH99]) this implies that 7^hick is equivariantly quasi-isometric to MCQ. 

□ 

The mapping class group also acts naturally as a group of simplicial isometries 
on the train track complex TT. Note that by definition, the train track complex is 
a locally finite directed metric graph and hence a complete locally compact geodesic 
metric space. We want to show that TT is equivariantly quasi-isometric to M.CQ. 
By the Svarc-Milnor lemma, for this it is enough to show that the action of AACQ on 
TT is proper and cocompact. We show first that this action is cocompact. Recall 
that the vertices of TT consist of generic train tracks. 

Lemma 4.2. M.CQ acts cocompactly on TT . 

Proof. The number k of switches of a complete train track r on S is just the number 
of cusps of the complementary components of r, and this number only depends on 
the topological type of S. There are only finitely many abstract trivalent graphs 
with k vertices. We assign to each half-edge of such a graph one of the three colors 
red, yellow, green in such a way that every vertex is incident on a half-edge of each 
color. We do not require that the two half-edges of a single edge have the same 
color. We call a trivalent graph with such a coloring a colored graph. Clearly there 
are only finitely many colored graphs with k vertices up to isomorphism preserving 
the coloring. 

To every train track r 6 V(TT) we associate a colored trivalent graph G with 
k vertices as follows. The underlying topological graph of G is just the abstract 
graph defined by r. Thus the half-branches of r are in one-one correspondence to 
the half-edges of G. We color a half-edge of G red if and only if the corresponding 
half-branch in r is large. We orient such a large half-branch b in r in such a way 
that it ends at the switch v of r on which it is incident. A neighborhood of b in 
S is divided by b into two components. The orientation of b together with the 
orientation of S determine the component to the right and to the left of b. One 
of the two small half-branches incident on v lies to the left of the other, i.e. the 
union of this half-branch with the half-branch b is contained in the boundary of the 
component of S — t to the left of b. This half-branch will be colored yellow, and 
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the second small half-branch incident on v (which lies to the right of the yellow 
half-branch) will be colored green. In this way we obtain a map '5 from V(TT) to 
a finite set of colored trivalent graphs with k vertices. 

Let t,(t e V(TT) be such that *(t) = *(it). Then the map * determines a 
homeomorphism of r onto a which preserves the coloring of the half-branches. We 
claim that this homeomorphism maps the sides of the complementary components 
of t to the sides of the complementary components of a. 

For this let b be any branch of r and let v be a switch of r on which b is 
incident. The branch b is contained in the boundary of two (not necessarily distinct) 
complementary components of r. We orient b in such a way that it ends at v; then 
we can distinguish the complementary component T of t which is to the left of 
b. We have to show that the finite trainpath p on r which defines the side of T 
containing b is uniquely determined by the colored graph W(r) = G. 

Assume first that the half-branch of b incident on v is colored red. By the 
definition of our coloring, the branch b is large at v and p necessarily contains the 
yellow half-branch incident on v. Similarly, if the half- branch of b incident on v is 
green (and hence small) then p contains the red (large) half-branch incident on v. If 
the half-branch of b incident on v is yellow then T has a cusp at v and the trainpath 
p ends at v. But this just means that we can successively construct the trainpath 
p from the coloring. In other words, the sides of the complementary components 
of t are uniquely determined by the colored graph G. As a consequence, whenever 
W(r) = then the homeomorphism of r onto a induced by maps the boundary 
of each complementary trigon of r to the boundary of a complementary trigon of 
cr, and it maps the boundary of a complementary once punctured monogon of r 
to the boundary of a complementary once punctured monogon of a. Thus this 
homeomorphism of t onto a can be extended to the complementary components of 
t, and this extension is an orientation preserving homeomorphism of S which maps 
t to a. In other words, a and r are contained in the same orbit of the action of 
MCg on TT. 

As a consequence, there is a finite subset A of V(TT) with the property that 
the translates of A under A4CQ cover all of V(TT). But this is equivalent to saying 
that the action of A4CQ on TT is cocompact. □ 

Lemma 4.3. The action of MCQ on TT is proper. 

Proof. Since TT is a locally finite graph, every compact subset of TT contains 
only finitely many edges. The action of MCQ on TT is simplicial and isometric 
and therefore this action is proper if and only if the stabilizer in M.CQ of every 
vertex r S V(TT) is finite (compare [BH99j ). 

To show that this is the case, let r £ V(TT) and let G < A4CQ be the stabilizer of 
t. Since the number of branches and switches of r only depends on the topological 
type of 5, the subgroup Go of G which fixes every branch and every switch of r 
is of finite index in G. But a homeomorphism of S which preserves each branch 
and switch of r is isotopic to a map which preserves the branches pointwise. Such 
a map then fixes pointwise the boundaries of the complementary regions of r. 
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However, every complementary region of r is a topological disc or a once punctured 
topological disc, and every homeomorphism of such a disc which fixes the boundary 
pointwise is isotopic to the identity (see 102]). This shows that Go is trivial and 
therefore the stabilizer of r G V(TT) under the action of MCQ is finite. □ 

Corollary 4.4. MCQ and TT are quasi-isometric. 

Proof. By Lemma l4~2l and Lemma l4~3l the mapping class group MCQ acts properly 
and cocompactly on the length space TT. Thus the corollary follows from the 
lemma of Svarc-Milnor (Proposition 1.8.19 in [BH99] ). □ 

5. Flat cones 

In this section we define a family of connected subgraphs of TT, one for every 
complete train track r and every complete geodesic lamination A carried by r. We 
show that these subspaces equipped with their intrinsic path-metric are isometric 
to cubical graphs contained in an euclidean space of fixed dimension. Thus these 
subgraphs can be viewed as "flat cones". In Section 6 we will see that these flat 
cones are quasi-isometrically embedded in TT. This then immediately implies 
Theorem [3] and Corollary [3] from the introduction. 

For a complete train track r G V(TT) and a complete geodesic lamination 
A G CC which is carried by r, define the flat cone E(t, A) C TT to be the full 
subgraph of TT whose vertices consist of all complete train tracks which can be 
obtained from r by any A-splitting sequence, i.e. by a sequence of A-splits. By 
construction, E(t, A) is a connected subgraph of TT and hence it can be equipped 
with an intrinsic path metric oIe- 

Let to > be the number of branches of a complete train track on S. Let 
ei, . . . , e m be the standard basis of M. m . Define a cubical graph in M. m to be an 
embedded graph whose vertices are points with integer coordinates (i.e. points 
contained in 1 m ) and whose edges are line segments of length one connecting two 
of these vertices v\,V2 with v\ — v-i — iei for some i < m. Note that each such 
edge has a natural direction. 

As in the introduction, define a splitting arc in TT to be a map 7 : [0, n] — > TT 
with the property that for any integer i G [1, n], the arc j[i — 1, i] is a directed edge 
in TT. In other words, {7(1)} is a splitting sequence. We have. 

Lemma 5.1. For every flat cone E(r,\) G TT there is an isometry $ of E(t,X) 
equipped with the intrinsic path metric oIe onto a cubical graph in R m which maps 
any splitting arc in E(t,X) to a directed edge-path in <&(E(r, A)). 

Proof. Let A G CC, let r G V(TT) be a complete train track which carries A, let 
a G E(t, A) and let e be a large branch in r. We claim that whether or not a 
splitting sequence connecting r to er contains a split at the large branch e only 
depends on a but not on the choice of the splitting sequence. 

For this note first that a is carried by r. For a large branch e of r define v(e, a) 
to be the minimal cardinality of the preimage of a point x in the interior of e under 
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any carrying map F : cr — » r. Let r' be obtained from r by a A-split at a large 
branch e! ^ e and assume that r' is splittable to cr. Then t' carries cr, and the 
branch in r' correponding to e under the natural identification of the branches of 
r with the branches of r' is large. We denote it again by e. Let i/'(e,cr) be the 
minimal cardinality of the preimage of a point x in the interior of e under any 
carrying map a — ► r'; we claim that z/(e, cr) > i/(e, cr). 

To see this, simply observe that there are disjoint neighborhoods U' of e' and U 
of e in S and there is a carrying map G : r' — > r which equals the identity outside 
[/'. Every carrying map F' : a —* r' can be composed with G to a carrying map 
G o F' : a — ► r. For a point a; in the interior of e the cardinality of the preimage 
of x under the carrying map G o f : a — ► t coincides with the cardinality of the 
preimage of a; = G _1 (a;) under the carrying map -F' : cr — > r'. Thus we have 
f(e, cr) < z/(e, cr). 

As a consequence, if e C t is a large branch with z/(e, cr) > 2, then every splitting 
sequence connecting r to a has to contain a split at e, and the choice of a right or 
left split is determined by the requirement that the split track carries A. On the 
other hand, if v(e, cr) = 1 then by Lemma 1 1 . 41 from the appendix, a is not carried 
by a split at e. Thus whether or not a splitting sequence connecting r to a contains 
a split at e is independent of the splitting sequence. 

As above, let to be the number of branches of a complete train track on S. Denote 
by e±, . . . , e m the standard basis of M. m and choose any point q E Z m . Number the 
branches of t in an arbitrary way. Note that this numbering induces a natural 
numbering of the branches on any train track which can be obtained from r by a 
single split. Let a : [0, oo) — > E(t, A) be any splitting arc with a(0) = r. Define 
a map 4> a : a[0, oo) — » M m inductively as follows. Let $ q (t) = c/ and assume by 
induction that <I> a has been defined on a[0,£ — 1] for some £ > 1. Let p < to be 
the number of the large branch e of all — 1) induced from the numbering of the 
branches of r via a so that a(£) is obtained from a(£ — 1) by a single A-split at 
e. Define & a (a[£ — 1,£]) to be the line segment in R m connecting $ a (a>(£ — 1)) to 
& a (a(£— l)) + e p . In this way we obtain for every splitting arc a : [0, oo) — > £ l (r, A) 
a map $ Q : a[0, oo) — > R m . 

We claim that for every train track r E V(TT), for every complete geodesic 
lamination A E C£ carried by t, for every a E -E(t, A) and for every splitting arc 
a : [0, oo) — > i?(r, A) issuing from a(0) = t and passing through a(£) = cr, the 
image of a under the map $ Q which is determined as above by a numbering of the 
branches of t, a point q E Z m and by a is in fact independent of the splitting arc 
a connecting r to cr. 

For this we proceed by induction on the length of the shortest splitting arc 
connecting r to cr. The case that this length vanishes is trivial, so assume that for 
some k > 1 the above claim holds for all r, A and all cr E E(t, A) which can be 
obtained from r by a splitting arc of length at most k — 1. Let a E E(t, A) be such 
that there is a splitting arc a : [0, ft] — > -E(t, A) of length ft connecting a(0) = r to 
cr and let /? : [0,p] — * -E(Y, A) be a splitting arc connecting (3(0) — r to cr of length 
p > k. For a fixed choice of a numbering of the branches of r and a fixed point 
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q £ Z m , these splitting arcs determine maps <f> a : a[0, k] — > M m , : 0[O,p] — > M m 
with $a(r) = $/?(t) = 17. 

Let & C r be the large branch with the property that a(l) is obtained from r by 
a split at b. Let s < n be the number of & with respect to our numbering of the 
branches of r; then $ Q (a(l)) = q + e s . By the discussion in the beginning of this 
proof, the splitting sequence {0(j)}o<j<p also contains a split at the branch b. If this 
is the j-th split in this splitting sequence, then the first j — 1 splits of the sequence 
commute with the split at b. Let 0' : [0,p] — > E(t,\) be the splitting arc which 
we obtain from by exchanging the orders of the first j splits in such a way that 
0'(O) = t and that for every < i < j — 1 the train track 0'{i + 1) is obtained from 
/3(i) by a A-split at 6. This splitting arc then determines a map <&/3' : /3'[0,p] — ► K m . 
By construction of the maps we have $>p(0(j)) = &p>(0'(j)) and $/3(f) = 

^/(cr), moreover a(l) = and hence $> a (a(l)) = $/3' (0'(1)). Therefore we can 
apply the induction hypothesis to the splitting arcs a[l, k] and 0'[l,p] issuing from 
a(l), the numbering of the branches of a(l) inherited from the numbering of the 
branches of r and the point $ Q (a(l)) = q + e s £ Z m to conclude that the images 
of a under the maps <& Q and <I>^ coincide. 

By induction, this construction defines a path-isometric map $ of E{t, A) into 
R m whose image is a cubical graph in R m . The above discussion shows that this 
map is uniquely determined by the choice of a numbering of the branches of r and 
the choice of $(r) £ Z m . This shows the lemma. □ 

Since directed edge-paths in a cubical graph in R m are geodesies, we obtain as 
an immediate corollary. 

Corollary 5.2. Splitting arcs are geodesies in (E(t, A),c£e)- 

In the remainder of this section we describe the intrinsic geometry of the flat 
cones E(t, A) more explicitly. 

The Hausdorff distance between two subsets A, B of a metric space (X, d) is the 
infimum of all numbers r > such that A is contained in the r-neighborhood of B 
and B is contained in the r-neighborhood of A. If the diameter of A, B is infinite 
then the Hausdorff distance between A and B may be infinite. 

A connected subspace Y of a geodesic metric space [X, d) is called strictly convex 
if for any two points y, z £ Y, every geodesic in (X, d) connecting y to z is entirely 
contained in Y. The next lemma is a first easy step toward an understanding of 
the intrinsic geometry of a flat cone. For this note that for every vertex a £ E(t, A) 
the flat cone E(cr, A) is a complete subgraph of E(t, A). 

Lemma 5.3. For a £ E(t,X), the subspace E(a 7 X) of (E(t, A),ds) is strictly 
convex, and its Hausdorff distance to E(t, A) does not exceed c?_e(t, a). 

Proof. Since a strictly convex subspace A of a strictly convex subspace B of a 
geodesic metric space X is strictly convex in X, it suffices to show the following. 
If <7 £ E(t, A) is obtained from r by a single split at a large branch e then E(a, A) 
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is a strictly convex subspace of E(t, A) whose Hausdorff distance to E(t, A) equals 
one. 

For this note that by Lemma 15.11 and its proof, if a G E(t,X) is a train track 
which can be obtained from r by a single split at a large branch e and if r\ G E{t, A) 
is not contained in E(a,X), then a splitting sequence connecting r to 77 does not 
contain a split at e. Moreover, er is splittable to a train track 77' G -E(t, A) which 
can be obtained from 77 by a single split at e. In other words, there is a natural 
retraction R : E(t, A) — > £J(cr, A) which equals the identity on £(r, er) and maps a 
train track 77 G -E(r, A) — -B(cr, A) to the train track obtained from rj by a A-split at 
e. This shows that the Hausdorff distance between E(t, A) and E(a, A) does not 
exceed 1. 

Now let C17C2 be any vertices in E(t,X) which are connected by an edge. We 
may assume that £2 can be obtained from £1 by a single split at a large branch 
e'. If both Cx, C2 are contained in E(t, A) — E(a, A) then since A-splits at distinct 
large branches commute, the train tracks R((i), R(C2) are connected by an edge 
in E(a,X). On the other hand, if (1 G E(t,X) — E(a,X) and C2 6 E(a,X) then 
-R(Ci) = Ufa) = (2- As a consequence, the retraction R is distance non-increasing. 
Moreover, any simplicial path in E{t,X) connecting two points <j, 77 G E(o~,X) and 
which is not entirely contained in E(o~, A) passes through an edge which is mapped 
by R to a single point. This implies strict convexity of E(cr, A) C E(t, A). □ 

The next lemma can be used to calculate distances in a flat cone (E(t, A), <1e) 
explicitly. 

Lemma 5.4. Let a,r/ G E{t, A) be any two vertices. Then there are unique train 
tracks 0-(o~, 77), 0+(c, 77) G E(t, A) with the following properties. 

(1) cr, 77 G B(@_(cr, 77), A) C E(t,X), and there is a geodesic in (E(t,X),cIe) 
connecting a to r\ which passes through 0_ (17,77). 

(2) i?(0 + (<7, 77), A) = .E7(<7, A) n -E(?7, A), and there is a geodesic in (E(t, A), cLe) 
connecting a to rj which passes through + (17,77). 

(3) d E (o-,Q-(o-,r))) = d E (v,Q+{o;v))- 

Proof. Let cr, 77 be vertices in E(t, A). Then cr, 77 are complete train tracks, and r is 
splittable to both cr and 77. Let A C E(t, A) be the set of all complete train tracks 
which can be obtained from r by a splitting sequence and which are splittable to 
both cr and 77. Note that A is a finite set of vertices of E(t, A). For [3, [3' G A write 
/3 < f3' if f3 is splittable to /?'. Then < is a partial order on A. 

Let 0-(cr, 77) be a maximal element for this partial order. Then 17,77 are both 
contained in i?(0_(cr, 77), A) and hence by Lemma 15.31 every geodesic in E(t,X) 
connecting a to 77 is contained in E(<3- (a, 77), A). If e is any large branch of 0-(cr, 77) 
and if the train track obtained from G^.(cr, 77) by a A-split at e is splittable to a 
then by maximality of 0-(cr, 77), it is not splittable to 77. 

Let <I> : i?(0_(cr, 77), A) — > M m be an isometry of E(<d^ (cr, 77), A) onto a cubical 
graph in R m defined as in the proof of Lemma 15.11 by the choice of the basepoint 
$(0_(cr, 77)) = and a numbering of the branches of 0_(cr, rj). 
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We claim that up to a permutation of the standard basis of R m , there is a number 
t > 1 such that for the standard direct orthogonal decomposition R' m = M. e © W m ~ i 
we have $(<r) sR*x {0} and $(77) e {0} x W m ~ e . Namely, by the choice of the train 
track 0_ ((7,77) and the fact that a,r) both carry the complete geodesic lamination 
A, the set of large branches of ©_(<7, 77) can be partitioned into disjoint subsets 
£ + ,£~ such that a splitting sequence connecting 0_(<7, 77) to a does not contain 
any split at a large branch branch e 6 £ + and that a splitting sequence connecting 
0-(ct, 77) to 77 does not contain any split at a large branch e € £~ . 

Following PH92 , we call a trainpath p : [0,p] — > 0_(cr, 77) one-sided large if for 
every i < p the half-branch i + 1/2] is large and if p[p — l,p] is a large branch. 
A one-sided large trainpath p : [0,p] — » 0_((7, 77) is embedded PH92|, and for 
every 7 G {1, . . . ,p — 1} the branch p[7 — 1, i] C 0-(c, 77) is mixed. For every large 
half-branch b of 0-(<r, 77) there is a unique one-sided large trainpath issuing from 
b. Define Aq , Aq to be the set of all branches of 0-(<r, 77) contained in a one-sided 
large trainpath ending at a branch in £ + ,£ ~. Then the sets „4^~,.A^~ are disjoint, 
and a branch of 0_(<t, 77) is n °t contained in Aq U Aq if and only if it is small. 
Each endpoint of a small branch is a starting point of a one-sided large trainpath. 
Define A ± to be the union of Aq with all small branches b of 0-(<7, 77) with the 
property that both large half-branches incident on the endpoints of b are contained 
in A^. If b ^ A + U A~ then 6 is a small branch incident on two distinct switches, 
and one of these switches is the starting point of a one-sided large trainpath in 
Aq ,the other is the starting point of a one-sided large trainpath in Aq . 

The map $ is determined by a numbering of the branches of 0-(c, 77). We may 
assume that this numbering is such that for the cardinality I of A~, the set A~ 
consists of the branches with numbers A splitting sequence connecting 

0_(<r, 77) to a docs not contain any split at a large branch e € £ + by assumption. 
Therefore, such a splitting sequence only contains splits at the branches in A~ . 
By the choice of our numbering, the image of any such splitting sequence under 
the map $ is contained in the linear subspace spanned by the first t vectors of 
the standard basis of R m . Similarly, the image under $ of a splitting sequence 
connecting 0-(<x, rf) to 77 is contained in the subspace IR m_£ C M. m spanned by the 
last m — £ vectors of the standard basis. This shows our claim. 

The image under $ of any splitting arc in i?(0_(cr, 77), A) is a geodesic edge path 
in the standard cubical graph Q C R m with vertex set Z m and where two vertices 
are connected by a straight line segment if their distance in E m equals one. If 7 CT , 7^ 
are such geodesic edge-paths connecting = $(0_(<r, 77)) to $(ct), $(77) which are 
images of splitting arcs then ]„ C l' x {0}, 7^ C {0} x M. m ~ e and hence 7^ o 7" 1 is 
a geodesic in Q connecting $(cr) to $(77). Since $ is an isometry of _E(0_(er, 77), A) 
onto a connected subgraph of Q and E{@-[a, 77), A) is a strictly convex subset of 
E(t,X), we conclude that there is a geodesic in E(t,X) connecting a to 77 which 
passes through 0-(<r, 77). This shows the first two statements of the lemma. 

On the other hand, the considerations in the previous three paragraphs of this 
proof also show that there is a unique vertex 0+(cr, 77) £ _E(0_(cr, 77), A) such that 
$(0+(cr, 77)) = 3>(cr) + $(77). The train track + (ct, 77) satisfies the properties in 
statement 2) and 3) of the lemma. This completes the proof of the lemma. □ 
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In the sequel we call r the basepoint of the flat strip E(t, A). Another immediate 
consequence of Lemma 15. 1 1 is the following growth control. 

Corollary 5.5. For every k > the number of vertices in E[t, A) whose intrinsic 
distance to the basepoint is at most k is not bigger than (k + l) m . 

Proof. Let $ : E(t, A) — * W m be an embedding of E(t, A) onto a cubical graph 
in R m as in Lemma 15.11 Assume that $ maps the basepoint of E(t, A) to 0. By 
construction, if we denote by | | the norm on K. m defined by |x| = J^i \ x i\ then <!> 
maps the ball of radius k about in E(t, A) into the intersection of the ball of radius 
k about in (R m , | |) with the cone {x \ Xi > 0}. Thus the image under $ of the 
set of vertices in E(t, A) whose distance to the basepoint is at most k is not bigger 
than the cardinality of the set {x € 27" | xi > 0, \x\ < k}, and this cardinality is 
not bigger than (k + l) m . □ 

Call a train track a € V(TT) a full split of a train track r € V(T7~) if a can be 
obtained from r by splitting t at each large branch precisely once. For a complete 
geodesic lamination A 6 CC which is carried by r we call a full split a of t a full 
X-split if A is carried by a. Note that a full A-split of r is uniquely determined by 
A and t: There are no choices involved. A full X-splitting sequence of length k > 
is a sequence {f?(i)}o<j</c C V(TT) of train tracks with the property that for every 
i < k the train track n(i + 1) is a full A-split of n(i). A full A-splitting sequence of 
length k > issuing from r is unique. We call its endpoint the full k-fold X-split of 
r. The following corollary is immediate from Lemma |5. II 

Corollary 5.6. Let {r(z)}o<i<p be a splitting sequence of length p. If X S CC is 
carried by r(p) then r(p) is splittable to the full p- fold X-split o/r(0). 

Proof. If {T(i)}o<i< p is any splitting sequence of length p and if A S CC is carried 
by r(p) then r(p) G E(t(Q), A) and the same is true for the full p-fold A-split a of 
t(0). Thus the corollary is immediate from Lemma T5. II □ 

6. QUASI-GEODESICS 

In Section 5 we defined for a complete train track r which carries a complete 
geodesic lamination A a flat cone E(t, A) C TT, and we investigated its intrinsic 
path metric dE- We showed that (E(t, A), fig) is isometric to a cubical graph in 
K m where to > is the number of branches of a complete train track on S. By 
definition, the inclusion {E{t, A), dE) — ► is a one-Lipschitz map. 

The goal of this section is to relate the intrinsic path metric on E(t, A) to the 
restriction of the metric d on TT. For this recall from the introduction that a 
map F : (X, d) — > (Y, d) between two metric spaces (X, d) and (Y, d) is an L- quasi- 
isometric embedding if 

d(x, y)/L- L < d(Fx, Fy) < Ld(x, y) + Fix, y e X. 

If moreover F(X) is L-dense in Y, i.e. if for every y S Y there is some x £ X with 
d{Fx, y) < L, then F is called an L-quasi-isometry. We show. 
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Theorem 6.1. There is a number L > such that for every r £ V(TT) and every 
complete geodesic lamination X carried by r the inclusion (E(t, A), cIe) — > TT is 
an L- quasi-isometric embedding. 

Since by Corollary 15.21 splitting arcs in E(t,X) are geodesies, Theorem [3] from 
the introduction is an immediate consequence of Theorem 16.11 

The proof of Theorem 16.11 consists of two steps. In the first step we consider 
for a complete geodesic lamination A on S the metric graph S(X) whose vertex set 
V(«S(A)) C V(TT) is the set of all complete train tracks on S which carry A and 
where two such vertices r, a are connected by an edge of length one if and only if 
either r and a are connected by an edge in TT or if r can be obtained from a by a 
single shift. Lemma [37T1 and Lemma [3T21 together with Proposition 16 . 21 immediately 
imply that S(X) is connected. In other words, <S(A) with its intrinsic path metric 
d\ is a geodesic metric space. We show that there is a number q > 1 not depending 
on A and there is a q-quasi-isometry S(X) — > TT whose restriction to the vertex set 
of 5(A) is just the inclusion. In a second step, we then establish that the inclusion 
E(t, A) — > S(X) is a uniform quasi-isometric embedding. 

We begin with analyzing the intrinsic geometry of the metric graph S(X). For 
this define a splitting and shifting sequence to be a sequence {a(i)} C V(TT) such 
that for each i, the train track a(i + 1) is obtained from a(i) either by a single split 
or a single shift. The following important result of Penner and Harer (Theorem 
2.4.1 of PH92 ) relates splitting and shifting of train tracks to carrying. 

Proposition 6.2. |PH92j If a e V(TT) is carried by r 6 V(TT) then r can be 
connected to a by a splitting and shifting sequence. 

We also need the following local version of Proposition 16.21 

Lemma 6.3. For every k > there is a number pi(k) > with the following 
property. Let a £ V(TT) be carried by r S V(TT). 

(1) If d(r,a) < k then t can be connected to a by a splitting and shifting 
sequence of length at mostpi(k). 

(2) If t can be connected to a by a splitting and shifting sequence of length at 
most k then d{r, a) < p\ (k) . 

Proof. Up to the action of the mapping class group, for every k > there are only 
finitely many pairs a -< r of complete train tracks whose distance is at most k or 
such that a can be obtained from r by a splitting and shifting sequence of length 
at most k. Thus the lemma follows from Proposition 16.21 and invariance under the 
action of the mapping class group. □ 

To compare the metric space (5(A), d\) to the train track complex TT, we use 
the following uniform local control on the graphs S(X). 
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Lemma 6.4. For every k > there is a number P2{k) > with the following 
property. Let t,t) £ V(TT) be two complete train tracks of distance at most k 
which carry a common complete geodesic lamination X. Then there is a train track 
a which carries X, which is carried by both r, r\ and whose distance to r, rj is at most 
Pa(fc)- 

Proof. Let a, (3 be two complete train tracks on S and let CC(a, (3) be the set of 
all complete geodesic laminations which are carried by both a and (3. By Lemma 
12.31 CC(a, [3) is an open subset of CC. By Lemma 13.11 and Lemma 13.21 for every 
v G CC(a, (3) there is a complete train track r\ which carries v and is carried by 
both a, (3. 

By Lemma 12. 3[ for every complete train track rj, the set CC(n) of all complete 
geodesic laminations which are carried by r\ is an open subset of CC. By compactness 
of CC(a, f3), there are finitely many train tracks 771, . . . , % carried by both a and (3 
and such that CC(a, f3) — U^ =1 CC(r]i). In other words, there is a number £(a, (3) > 
with the following property. For every v E CC(a,f3) there is a train track rj G 
V(S(v)) which carries v, which is carried by both a and (3 and whose distance to 
a, (3 is at most £(a, (3). 

For k > 0, up to the action of the mapping class group there are only finitely 
many pairs (a, (3) of complete train tracks whose distance in TT is at most k and 
which carry a common complete geodesic lamination. By invariance under the 
action of the mapping class group, this implies that there is a number P2(k) > 
such that the following holds true. For every complete geodesic lamination A and 
for every pair a, (3 G V(5(A)) with d(a,(3) < k there is a train track -q G V(<S(A)) 
with max{d(ry, a), d(n, (3)} < P2(k) and which is carried by both a, (3. This shows 
the lemma. □ 

The set V(<S(A)) of vertices of the metric graph 5(A) is contained in the set V(TT) 
of vertices of the train track complex TT. The inclusion V(5(A)) — > V(TT) can 
be extended to a map 5(A) — > TT . Since we are only interested in the large-scale 
geometric properties of such a map, we do not need to give a precise definition. 
We only require that a point on an edge of 5(A) is mapped to a point in TT of 
uniformly bounded distance to the endpoints of the edge, viewed as vertices in TT. 
Since edges in 5(A) which are not edges in TT connect two complete train tracks 
which can be obtained from each other by a single shift and hence whose distance 
in TT is uniformly bounded, such a map clearly exists. We call such a map natural. 
The next proposition is the first step toward Theorem 16. II 

Proposition 6.5. There is a number q\ > such that for every X G CC a natural 
map (5(A), d\) — > TT is a qi-quasi-isometry. 

Proof. Let ST be the metric graph whose vertices are the complete train tracks 
on S and where two vertices r, a are connected by an edge of length one if and 
only if either they are connected by an edge in TT or if r can be obtained from 
o by a single shift. Since TT is connected, the same is true for ST. Then ST 
is a locally finite metric graph which admits a properly discontinuous cocompact 
isometric action of A4CQ. As a consequence, ST is equivariantly quasi-isometric 
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to TT. For every A € CC the graph 5(A) is a complete subgraph of ST. It is now 
enough to show that there is a number L > 1 not depending on A such that the 
natural inclusion 5(A) — > ST is an L-quasi-isometry. For simplicity of notation, 
for the remainder of this proof we denote by d the distance function of the metric 
graph ST. 

By Lemma [2731 for every r £ V(TT) the set of all complete geodesic laminations 
which are carried by r is an open subset of CC. Since CC is a compact space, there 
is a finite set £ c V(TT) so that every complete geodesic lamination A is carried by 
a train track t £ £. On the other hand, the mapping class group acts cocompactly 
on ST, and it acts as a group of homeomorphisms on CC. Thus by equivariancc 
under the action of the mapping class group, there is a number D > and for every 
a £ ST there is some r £ V(5(A)) with d(r 7 a) < D. Since 5(A) is a complete 
subgraph of ST this means that the inclusion 5(A) — > ST is a 1-Lipschitz map 
with D-dense image. 

Let again d\ be the intrinsic distance on 5(A). We have to show that there is 
a number L > 1 not depending on A such that d\ (r, a) < Ld(r, a) for all r, <r £ 
V(5(A)). For this let r, cr be any two vertices of 5(A). Let 7 : [0, m] — > 5T be a 
simplicial geodesic connecting r = 7(0) to a — "f{m) (i.e. 7 maps integer points in 
R to vertices of ST) . By the above consideration, for every i < m there is a train 
track £(i) £ V(5(A)) with d(((i),~/(i)) < D and where C(0) = r,C(m) = cr. Then 
the distance in ST between £(i) and £(i + 1) is at most 2D + 1. 

By Lemma [6.41 and Lemma 16.31 there is a constant k = pi(p2(D)) > only 
depending on D and for every i < m there is a train track f3(i) £ V(5(A)) which 
carries A, which is carried by both and £(i + 1) and which can be obtained from 
both and £(i + 1) by a splitting and shifting sequence of length at most k. As 
a consequence, we have c?a(C(* ~ 1), C(*)) ^ 2^ for all i < m. But this just means 
that the distance d\{r, a) in 5(A) between r and a is not bigger than 2nd(r, a). In 
other words, the inclusion (5(A), d\) — > 5T is a 2«-quasi-isometry for the constant 
2k > not depending on A. This shows the proposition. □ 

For the proof of Theorem 16.11 we are left with showing that for every A £ CC 
and every complete train track r which carries A, the inclusion E(t, A) — > 5(A) is 
an i-quasi-isometric embedding for a number L > 1 which does not depend on A. 
For this denote for a complete geodesic lamination A £ CC and for a complete train 
track t £ V(5(A)) which carries A by C(r, A) C 5(A) the complete subgraph of 5(A) 
whose vertex set is the set of all complete train tracks rj which are carried by r and 
which carry A. By Proposition ^. 2\ Lcmma l37il and Lemma l372"l C(r, A) is connected 
and hence a geodesic metric space in its own right. Moreover, it contains the flat 
cone E(t, A) as a connected subgraph. We denote the intrinsic metric on C(r, A) by 
dc, and we denote as before by c?e the intrinsic metric on E(t, A). We first show 
that the natural inclusion (i?(r, A), rig) — > (C(r, A), dc) is a uniform quasi- isometry. 
In a second step, we establish that the natural inclusion (C(r, A), dc) — > (5(A), d\) 
is a uniform quasi-isometric embedding. This then completes the proof of Theorem 

ifm 



The proof of the following lemma relies on Proposition 110.61 from the appendix. 
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Lemma 6.6. There is a number (72 > such that for every complete geodesic 
lamination X 6 CC and every complete train track r which carries X the inclusion 
(E(t, A), de) — > (C(t, X),dc) is a q2-quasi-isometry. 

Proof. We begin with showing that there is a constant k\ > such that the sub- 
graph E(t,X) is fci-dense in C(r, A) with respect to the intrinsic metric dc on 
C(t, A). 

For this let \ > be as in Proposition [TUHl Then by the definition of the graph 
5(A), the distance in 5(A) between a vertex r\ of the graph C(r, A) and its subgraph 
E(t, A) is at most \- Thus by Lcmma l6.4l and Lemma l6.3[ there is a complete train 
track a € E(t, X) and there is a complete train track ( G C(x, A) which is carried by 
both a and 77 and such that moreover a, rj can be connected to £ by a splitting and 
shifting sequence of uniformly bounded length. As a consequence, the distance in 
C(t, A) between 77 and a is uniformly bounded. This shows that there is a constant 
k\ > such that E(t, A) is fci-dense in (C(t, a),dc). 

Since the inclusion (E(r, X),ds) — > (C(t, A), dc) is clearly one-Lipschitz, for the 
proof of the lemma we are left with showing the existence of a universal constant 
k% > such that de(£j 77) < fc2dc(£, ?7) for all vertices £, 77 S -E(t, A). 

Now both 2?(t, A) and C(t, A) are geodesic metric spaces and E(t, A) is fci-dense 
in C(r, A). Therefore it is enough to show the existence of a constant k 3 > with 
the following property. If £,77 £ E(t,X) are any two vertices with dc(^,fj) < Ski 
then d E (£, rj) < k 3 . 

Namely, assume that this property holds true. Let £, 77 6 -B(r, A) be arbitrary 
vertices with dc(£,r]) — d > 0. Let 7 : [0,d] — > C(r, A) be a simplicial geodesic 
connecting 7(0) = £ to 7(d) = 77. Since E(t, A) is fci-dense in C(r, A) we can replace 
7 by a simplicial path 7 : [0, d] — > C(r, A) of length d < 3d with the same endpoints 
and the additional property that 7(3£fci) £ E(t,X) for all integers £ < d/k\. The 
arc 7[0, 3fci] is obtained by concatenation of 7[0, 2fci] with an arc of length at most 
fci which connects 7(2fci) with a point in E(r, A). Inductively, for each £ < d/ki the 
arc "f[3(£— l)fci, 3fci] is up to parametrization a concatentation of a segment of length 
at most fci connecting a point in E(t, X) to 7((i— l)fci), the arc j[(£ — l)fci, £ki] and 
an arc of length at most fci connecting 7(^1) to a point in E(t, A). Replace each of 
the arcs j[3(£ — l)fci, 3£fci] of length at most 3fci with endpoints in E(t, X) by an arc 
of length at most k 3 which is contained in E(r, A). The resulting path is contained 
in E(t, A), it connects £ to 77 and its length does not exceed k 3 dc{^, rj)jk\. 

To show the existence of a constant k 3 > with the above properties, let £, 77 6 
E(t,X) be vertices such that dc{^,r/) < 3fci and let ( £ C(r, A) be a complete 
train track which carries A and which can be obtained from both £, 77 by a splitting 
and shifting sequence whose length is bounded from above by a universal constant 
p > 0. Such a complete train track exists by Lemma fc. 41 and Lemma fc. 31 and the 
fact that the distance in TT between £, 77 is uniformly bounded. 

Since £ is carried by r, there is a train track (3 S E(t, A) which carries £ and 
such that no split of [3 carries (. It follows from Lemma fl0.3l in the apppendix that 
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(3 is unique. Now £ £ E(t, A) carries £ and therefore by Lemma l5~Tl £ is splittable 
to (3. The same argument also shows that rj is splittable to (3. 

On the other hand, up to the action of the mapping class group, there are only 
finitely many pairs of complete train tracks (a, p) such that p can be obtained from 
a by a splitting and shifting sequence of length at most p. Since £ is splittable to 
(3, (3 carries £ and C can be obtained from £ by a splitting and shifting sequence 
of length at most p, the distance in TT between (3 and £, £ is uniformly bounded. 
The same argument shows that the distance between j3 and r] is uniformly bounded. 
Then the distance in E(t, A) between /3 and £, r\ is uniformly bounded as well. As 
a consequence, £ can be connected to r\ by a path in E(t, A) of uniformly bounded 
length which is the concatenation of a splitting sequence connecting £ to (3 and a 
collapsing sequence connecting (3 to 77. This completes the proof of the lemma. □ 

Lemma 16.41 Lemma 16.61 and Lemma 15.31 are used to show the following. 

Lemma 6.7. For every k > there is a number P3(k) > with the following 
property. Let r, a be complete train tracks which carry a common complete geodesic 
lamination A and such that d{r,o~) < k. Then for every t' E C(t, A) there is a 
complete train track a' E C(r', A) PI C(cr, A) with rf(r', cr') < pz(k). 

Proof. Let fc > 0, let A £ CC and let r, cr £ V(TT) be complete train tracks 
which carries A. By Lemma 16.41 and Lemma 16.31 there is a complete train track 
£ £ C(t, A) n C((j, A) which can be obtained from r by a splitting and shifting 
sequence of length at most p\{p2{k)). Since C(£, A) C C(cr, A), it is enough to show 
the lemma under the additional assumption that a £ C(r, A). 

Since C(r), A) = C(r]' , X) if 77, 77' are shift equivalent, this means that for the proof 
of the lemma, it is in fact enough to show the existence of a constant L > with 
the following property. If the complete train track a carries A £ CC and can be 
obtained from a complete train track r by a single split at a large branch e then 
the Hausdorff distance between C(r, A) and C(a, A) as subsets of TT is at most L. 

Now by Proposition 110.61 and Lemma l6~3l the Hausdorff distance in TT between 
C(t, A) and E(t,X) is at most pi(x) where x > is as in Proposition 110.61 and 
similarly for C(cr, A) and E(a, A). Moreover, by Lemma IB~3l the Hausdorff distance 
between E(t,X) and E(a, A) equals 1. Together we conclude that the Hausdorff 
distance between C(t, A) and C(a, A) does not exceed 2pi(x) + 1- From this the 
lemma follows. □ 

The following lemma is the main remaining step for the proof of Theorem 16.11 
For its formulation, denote as before by c?e the intrinsic path metric on a flat cone 
E(t,X). Recall moreover the definition of the metric graph S(X) for a complete 
geodesic lamination A. 

Lemma 6.8. There is a number p^ > with the following property. Let X be a 
complete geodesic lamination, let r be a complete train track which carries X and 
let cr, 77 £ E{t,X). If 7 : [0, to] — > <S(A) is any simplicial path connecting 7(0) = a 
to 7 (to) = 77 then the length 0/7 is not smaller than c£e(<7, »7)/f>4. 
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Proof. Let u,r] £ E(r,A) and let £ = 0_(<7, 77) be as in Lemma 15.41 Let £\ = 
^-e(£, f), ^2 = ^(Ci 7 ?) an d assume that i?i < ^2- By Lemma 15.41 there is a train 
track 6+(cr, 77) which can be obtained from er by a splitting sequence of length i?2 
and which can be obtained from 77 by a splitting sequence of length £1 . 

Let ^3(1) > be as in Lemma 16.71 and let p — pi(p^(D)) be as in Lemma 
16.31 Let 7 : [0,n] — > 5(A) be a simplicial path connecting a = 7(0) to 77 = 7(77,). 
We construct inductively a sequence {cr(«)}o<i<n C V(<S(A)) with the following 
properties. 

(1) For every i < n, is carried by and carries A. 

(2) For every i < n the train track a(i + 1) can be obtained from a(i) by a 
splitting and shifting sequence of length at most p. 

For the construction of the sequence {a(i)}, we first define er(0) = a. Assume 
by induction that we constructed already the train tracks o~(i) for all i < io and 
some io > 0. Consider the train track 7(10 — 1); by assumption, it carries the train 
track tr(io — 1). If the train track "f(io) is obtained from j(io — 1) by a collapse 
or a shift then 7(10) carries o~(io — 1) and we define a(io) — <r(io — 1). Otherwise 
7(10) is obtained from 7(2^ — 1) by a single A-split. By Lemma l6~7l and Lemma IB~3l 
there is a train track a(io) which carries A, is carried by 7(10) and which can be 
obtained from a(io — 1) by a splitting and shifting sequence of length at most p. 
The inductively defined sequence {o~(i)} has the required properties. 

By construction, the train track a = cr(0) can be connected to o~(n) by a splitting 
and shifting sequence of length at most pn. In particular, we have a(n) e C(a, A). 
By Lemma IB~6l Lemma l5~T1 and Corollary 15. 2) the train track a is splittable with a 
sequence of A-splits of length at most qipn+qi to a train track v G E(a, A) C E(t, A) 
which is contained in the (72-neighborhood of cr(rt) in C(r, A). Since o~(n) is carried 
by 7(n) = 77 G E(t,X), via replacing v by a train track in a uniformly bounded 
neighborhood we may assume that 77 is splittable to v as well. Lemma 15.41 then 
shows that the train track 0+(cr, 77) E E(t, A) is splittable to v. 

From Lemma 15.11 we deduce that the length £2 > £1 of a splitting sequence 
connecting a to 0+ (17,77) is not bigger than q2pn + L where L > (72 is a universal 
constant. Since the length of a geodesic in E(t, A) connecting a tor) equals £\ +£2 < 
2^2, we conclude that the intrinsic distance in E(t,\) between a and 77 does not 
exceed 2(q 2 pn + L). This is just the statement of the lemma. □ 

Theorem 16.11 is now an immediate consequence of Lemma 16.81 Namely, by 
Lemma 16.51 we only have to show that there is a number L > such that for 
every A E CC and every train track r E V(<S(A)), if a, 77 E E(t, A) can be connected 
in 5(A) by a simplicial path of length n > then there is an arc in E(t 1 A) con- 
necting a to 77 whose length does not exceed nL + L. However, this was shown in 
Lemma 16.81 This completes the proof of Theorem 16.11 □ 



Theorem 16.11 implies the result of Farb, Lubotzky and Minsky [FLMOlj . 
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Corollary 6.9. If P is a pants decomposition for S and if T is the free abelian 
group of rank 3g — 3 + to generated by the Dehn twists about the pants curves of P 
then r < M.CQ is undistorted. 

Proof. Let P = {71, . . . , 73g— 3+m} be any pants decomposition for S. For each 

1 < 3g — 3 + to let ipi G A4CQ be a simple (positive or negative) Dehn twist about 
7,. The elements 991, ... , ip 3g ^ 3+m generate a free abelian subgroup T of MCQ. We 
equip r with the word norm | | defined by the generators fi,^ 1 . To show that 
r is undistorted, it suffices to show that there is a T-equivariant quasi-isometric 
embedding of the semi-group T + = {tp^ 1 o • • • o Vsg-z+rn I ^ — 0} a na ^ conc 
E(t, A) for some A G CC. Namely, if this holds true then the corollary follows from 
Theorem 16.11 and the fact that TT is .MCC/-equivariantly quasi- isometric to MCQ. 

For this choose a train track r G V(TT) which is obtained by collapsing a small 
tubular neighborhood of a finite complete geodesic lamination A on 5 as in Section 

2 whose minimal components are precisely the components of P. Up to replacing r 
by a shift equivalent train track, every component 7, of P is carried by an embedded 
trainpath of length 2 in r which consists of a large branch and a small branch (note 
that r is just a complete train track in standard form for the pants decomposition 
P of S as defined in |PH92] L Moreover, every large branch of r is of this form. For 
a suitable choice of the spiraling directions of A about the components of P, for 
every i G {1, . . . , 3g — 3 + to} the train track r is splittable to <yS;T with a splitting 
sequence of length 2 (with two splits at a large branch contained in the embedded 
trainpath 7^, with the small branch in 7, as a winner). Moreover, for i ^ j these 
splitting sequences commute. As a consequence, the fiat cone E{t, A) is invariant 
under the semi-group T + , and the map which associates to an element ip G T + 
the train track (p(r) G E(t, A) is an equivariant quasi-isometry between T + and 
E(t,X). □ 

7. Boundary amenability 

The mapping class group naturally acts on the compact Hausdorff space CC of 
all complete geodesic laminations on S as a group of homcomorphisms. We show 
in this section that this action is topologically amenable. 

For this we use the assumptions and notations from the previous sections. In 
particular, for r G V(TT) and a complete geodesic lamination A carried by r let 
as before C(r, A) be the graph whose vertices are the complete train tracks which 
are carried by r and carry A and where two such vertices a, rj are connected by an 
edge of length one if and only if either a can be obtained from r/ by a single shift 
or cr, rj are connected in TT by an edge of length one. The intrinsic path metric on 
C(r, A) is denoted as before by dc- 

Similarly, the flat cone E(t, A) is the full subgraph of TT whose vertices are 
the complete train tracks which carry A and which can be obtained from r by a 
splitting sequence. We call r the basepoint of E{t, A). The intrinsic path metric on 
E(t, A) is denoted as before by oIe- 
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Choose a finite subset £ of V(TT) such that Li v>& MCG l fi£ = V(TT) and that 
moreover for every A G CC there is a train track rj G £ which carries A. By 
equivariance under the action of the mapping class group, this implies that for 
every ip £ M.CQ and every A G CC there is a train track 77 £ <^>£ which carries A. 
As in the proof of Proposition 16. 5[ such a set exists since CC is compact and since 
the set of all complete geodesic laminations which are carried by a complete train 
track r is open in CC. 

Let G be a finite symmetric set of generators for A4CQ containing the identity. 
For an element tp G MCQ let \ip\ be the word norm of ip with respect to the 
generating set Q. We have. 

Lemma 7.1. There are numbers < «i < n 2 with the following property. Let 
ip G M.CQ be such that \ip\ — k, let A G CC and let a G ip£,r G £ be train tracks 
which carry A. Then for n > k the distance in TT between the full nui-fold X-split 
of a and the ball in {E(t, A), dg) of radius nn 2 about the basepoint is at most k 2 . 

Proof. Since U g ^gg£ is finite, its diameter D in TT is finite as well. Now AiCQ 
acts on TT as group of isometries and consequently the following holds true. Let 
ip G AiCG and let ip G Q. If cr G <p£ and if rj G ipip£ then we have d(cr, 77) < D. 

Let A G CC be a complete geodesic lamination on S, let r G £ be a train track 
which carries A and let ip G M.CQ with \ip\ = k. Then ip can be represented in the 
form ip — ip 1 . . . ifk with ipi G Q . Let a G ip£ be such that cr carries A. For < i < k 
let Ti £ ipi . . . ifk-i£ be a train track which carries A and such that To = cr, Tk = t. 
Then for each i, the distance between t; and Tj_i is bounded from above by D. 

Let pz{D) > be as in Lemma 16.71 We construct inductively a sequence 
(Vi)o<i<k of complete train tracks with the following properties. 

(1) 770 = a. 

(2) For each i, the train track rji carries A. 

(3) For each i, r\i is carried by r\i-\ and r^. 

(4) The distance between r\i and r\i-\ does not exceed p^(D). 

For the construction, assume by induction that the train tracks r\j are already 
determined for all j < i — 1 and some i > 1. To construct 77^, note that since 77^1 is 
carried by t.;_i and since d(ri,Ti_i) < D, by Lemma 16.71 there is a complete train 
track rji which carries A, which is carried by both 77^1 and and whose distance 
to ?7i_i is a most p?,(D). This yields the construction. 

Since 77^ is carried by cr, i.e. rjk G C(cr, A), by Lemma [6.61 there is train track 
cr' G E(o~, A) whose distance to 77^, is at most q 2 . Then the distance between a' and 
cr does not exceed kp 3 (D) + q 2 and therefore by Theorem 16 . 1 1 and Corollarv l5.2l the 
length of a splitting sequence connecting cr to a' is at most Lp 3 (D)k + L(q 2 + 1) 
where L > 1 is a universal constant. By Corollary 15.61 a' is splittable to the train 
track cr" obtained from a by a full splitting sequence of length Lp 3 (D)k + L{q 2 + 1). 
If m > is the number of branches of a complete train track on S, then a full split 
consists of at most m single splits and hence cr" is obtained from a by a splitting 
sequence in the usual sense of length at most mLp^{D)k + m(Lq 2 + 1). 
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Since rjk is carried by r and the distance between rjk and tr' does not exceed 52, 
Lemma 16.61 shows that the train track a" is contained in the 2</2-neighborhood of 
the fiat cone E(t,X). On the other hand, we have d(r,a") < d(r,a) + d(a,a") < 
kD + mLp^{D)k + m(Lq2 + 1) by the above consideration, fn other words, the 
distance between r and a" is bounded from above by vk + v for a universal constant 
v > 0. Since a' is splittable to a" , Lemma l6~7l and Theorem 16.11 show the existence 
of a universal constant K2 > such that a" is contained in the ^-neighborhood of 
the ball of radius in E(t, A). This shows the lemma. □ 

We are now ready to complete the proof of Theorem [T] from the introduction. 
Proposition 7.2. The action of MCQ on CC is topologically amenable. 

Proof. Let £ C V(TT) be as in Lemma PI and for X £ CC and tp £ MCQ let 
t(A, (p) £ tp£ be a train track which carries A. Following Kaimanovich Ka04|, for 
n > l,k < 2n and tp £ MCQ define Y(tp, A, re, fc) to be the set of all complete train 
tracks a £ V(TT) with the following property. There is an element ip £ MCQ with 
< k and there is a complete train track Co £ ip£ which carries A and such 
that a can be obtained from do by a full 2n/ci-fold A-split where K\ > is as in 
Lemma 17.11 

By Lemma 17. II and invariance under the action of the mapping class group, the 
set Y(ip, X,n, k) is contained in the ^-neighborhood in TT of the ball of radius 
2n«2 about the basepoint in the flat cone E(t(X, a), X) with respect to the intrinsic 
metric. Since the number of vertices of TT contained in any ball of radius ki is 
uniformly bounded, by Corollary [53] there is a number C > such that the number 
of points in the set Y(<p, A, n, k) is bounded from above by Cn c . In particular, the 
cardinality of the sets Y(tp, A, n, k) is bounded from above by a universal polynomial 
in n. 

By construction, for any ip, tp' £ MCQ with q = \ip'tp~ 1 \ and for every A £ CC the 
sets Y((p, A, n, k), Y((p', A, n, k') satisfy the following nesting condition from Lemma 
1.35 of |Ka04j (see the proof of Corollary 1.37 in |Ka04j ) : For every n > q and every 
k < 2n — q we have 

(2) Y(tp, A, n, k) C Y(ip', X,n,k + q) and Y(tp', A, n, k) C Y(<p, X,n,k + q). 

Let P(TT) be the space of all probability measures on the set V(TT) of all 
vertices of TT. A probability measure on a countable set Z can be viewed as a non- 
negative function f on Z with ^2 z£Z f(z) = 1. In other words, such a probabiliy 
measure is a point in the space ^{Z) of integrable functions on Z and hence the 
space of probability measures on Z can be equipped with the usual Banach norm 
on ^{Z). Thus V(TT) is equipped with a natural norm || |. 

Let TriY(ip t x,n,k) G V(TT) be the normalized counting measure for Y{ip>, A,n, fe), 
i.e. the probability measure which is the normalization of the sum of the Dirac 
measures on the points in Y(ip, A, n, k). Define 
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Denote by \B\ the cardinality of a finite subset of V(TT). Since for each fixed n the 
family of sets Y(ip, X,n, k) satisfies the nesting condition ([2]) above, Lemma 1.35 of 
|Ka04j shows that whenever \(p'tp~ 1 \ < q and n > q then we have 

ii / ,> , , ^ 2fl 4(n — q) N , COllSt x2«/(n-«) n 

n n L v |r (</j, A, n, n + q)\ ' J 



The consideration in the second paragraph of this proof shows that for n > q the 
cardinality of the set Y(ip, A, n, ra+ 9) is bounded from above by a fixed polynomial 
in n. As a consequence, we obtain that 

(3) |K(^A)-K^,A)|H0 

as ?i — > 00 and locally uniformly on MCQ. 

For 71 > and A e C£ define 

Mn(A) = v n {e, A). 

By ([31) above, the measures (i n (\) E V(TT) satisfy ||/x n (gA)— <j>// n (A)|| — ► (n — > 00) 
uniformly on compact subsets of CC x A4C£. Since the action of MCQ on TT is 
isometric and properly discontinuous, the measures /x n (A) on TT can be lifted to 
measures on MCQ with the same property (see |AR00] and compare |Ka04j V As a 
consequence, the action of A4CQ on CC is topologically amenable. □ 



Remark: An action of a countable group T on a compact Hausdorff space can 
only be topologically amenable if the point stabilizers of this action are amenable 
subgroups of r. The point stabilizers of the action of M.CQ on CC are virtually 
abelian. For example, if A € CC is a complete geodesic lamination whose minimal 
components are simple closed curves, then the stabilizer of A in M.CQ contains the 
free abelian subgroup of M.CQ generated by the Dehn twists about these compo- 
nents as a subgroup of finite index (this fact can easily be deduced from the results 
in |MP89 ). On the other hand, it is well known that an amenable subgroup T of 
MCQ is virtually abelian (see |I02| for references). This implies that every amenable 
subgroup of MCQ has a subgroup of finite index which fixes a point in CC. This 
corresponds to the properties of the action of a simple Lie group of higher rank on 
its Furstenberg boundary and hence we call CC the Furstenberg boundary of MCQ. 
In contrast, the action of MCQ on the Thurston boundary of Teichmuller space is 
not topologically amenable. 



8. A STRONG BOUNDARY FOR MCQ 



A strong boundary for a locally compact second countable topological group V 
is a standard probability space (X, /j) with a measure class preserving action of T 
and the following two additional properties. 



(1) The T-space (X,n) is amenable. 

(2) Double ergodicity: Let (E, tt) be any coefficient module for T; then every 
T-equivariant weak*-measurable map / : (X x X, fi x /_t) — > E is constant 
almost everywhere. 
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Kaimanovich Ka03J showed that for every locally compact second countable topo- 
logical group r, the Poisson boundary of every etale non-degenerate symmetric 
probability measure on T is a strong boundary for T. 

The mapping class group acts on the Teichmullcr space equipped with the Te- 
ichmuller metric as a group of isometries. Hence the restriction of the Teichmullcr 
distance to an orbit of M.CQ defines a .MCC?-invariant distance function on M.CQ 
(which however is not quasi-isometric to the distance function defined by a word 
norm). In KM96 , Kaimanovich and Masur investigate the Poisson boundary for 
a symmetric probability measure fi of finite entropy on the mapping class group 
M.CQ. They show that if the first logarithmic moment of /i with respect to the 
Teichmiiller distance is finite and if the support of [i generates A4CQ, then the 
Poisson boundary of fi can be viewed as a measure on the space VMC of all pro- 
jective measured geodesic laminations on S. The measure class of this measure is 
.MCC/-invariant and gives full mass to the subset of VM.C of projective measured 
geodesic laminations whose support is uniquely ergodic. 

There is a particular .MCC?-invariant measure class on VM.L, the Lebesgue mea- 
sure class, which can be obtained from the family of local linear structures on 
VM.C defined by complete train tracks. Namely the transverse measure of every 
measured geodesic lamination whose support is carried by a complete train track 
r defines a nonnegative weight function on the branches of r which satisfies the 
switch conditions. Vice versa, every nonnegative weight function on r satisfying 
the switch conditions determines a measured geodesic lamination whose support is 
carried by r |PH92j . The switch conditions are a system of linear equations with 
integer coefficients and hence the solutions of these equations have the structure 
of a linear space of dimension 6g — 6 + 2fc. The standard Lebesgue measure on 
j^6g-6+2fc then induces via the thus defined coordinate system a Lebesgue measure 
on the closure of an open subset of the space of all measured geodesic laminations 
which is invariant under scaling. This measure projects to a measure class on the 
space of projective measured geodesic laminations. Since the transformations of 
weight functions induced by carrying maps are linear, these locally defined measure 
classes do not depend on the choice of the train track used to define the coordinates 
and hence they define a .MCCy-invariant measure class on VA4C 

If v is a measured geodesic lamination whose support is not maximal, then 
this support is carried by a birecurrent generic train track which is not maximal. 
Thus the set of all measured geodesic laminations whose support is not maximal is 
contained in a countable union of " hyperplanes" in VM.C and hence has vanishing 
Lebesgue measure. In other words, the Lebesgue measure class gives full measure 
to the set of projective measured geodesic laminations whose support is maximal. 
Now the support of a measured geodesic lamination is a disjoint union of minimal 
components. Such a geodesic lamination can only be maximal if it consists of a 
single minimal component and hence if it is minimal as well. Moreover, by a result 
of Masur M82J, the Lebesgue measure class gives full mass to the set of projective 
measured geodesic laminations whose support is uniquely ergodic, i.e. it admits 
a unique transverse measure up to scale. In other words, the measure-forgetting 
map restricted to a Borel subset V of VM.C of full Lebesgue measure defines an 
.MC^-equivariant measurable bijection of V onto a Borel subset of CC and hence 
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determines an .MC^-invariant measure class A on CC which we call the Lebesgue 
measure class. Since by Proposition 17.21 the action of MCQ on CC is topologically 
amenable, the action of MCQ on CC with respect to the Lebesgue measure class is 
amenable [AROOj . Then the action of MCC on VMC with respect to the Lebesgue 
measure class is amenable as well. This is used to show. 

Proposition 8.1. VMC equipped with the Lebesgue measure class is a strong 
boundary for MCQ. 

Proof. By our above discussion, we only have to show double ergodicity for the 
action of MCQ with respect to the Lebesgue measure class. To see this let again T g ^ 
be the Teichmiiller space of all marked complete hyperbolic metrics on S of finite 
volume. The Teichmiiller geodesic flow is a flow acting on the bundle Q 1 — > T g ^ 
of area one quadratic differentials over Teichmiiller space. This flow projects to a 
flow on the quotient Q 1 j MCQ = Q. The flow on Q preserves a Borel probability 
measure /x in the Lebesgue measure class which lifts to an MCQ-mva.ria.nt Lebesgue 
measure Ao on Q 1 [M82], 

By the Hubbard-Masur theorem [HM79] . for every point z G Tg,k an d every 
projective measured geodesic lamination [v\ on S there is a unique quadratic differ- 
ential q G Q\ whose vertical measured geodesic lamination is contained in the class 
[u] (where we identify a projective measured geodesic lamination with an equiva- 
lence class of projective measured foliations on S in the usual way). As z varies 
over Tg^, the set of all these quadratic differentials defines a submanifold W s ([is]) 
of Q 1 which projects homeomorphically onto T 9} k- 

If the support of [v] is uniquely ergodic and fills up S then more can be said. 
Namely, for every projective measured geodesic lamination [v]' ^ [v\ there is a 
unique Teichmiiller geodesic line in T g ^ generated by a quadratic differential whose 
vertical measured geodesic lamination is contained in the class [v\ and whose hor- 
izontal measured geodesic lamination is contained in the class [v'\. Moreover, if 
7,7' : K — > T Bt k ar e Teichmiiller geodesies with vertical measured geodesic lami- 
nation contained in the class [v], then there is a unique number a G K such that 
lim t ^ 00 d('y(t),y(t + a)) = [M82] . Thus if we denote by UC the set of all pro- 
jective measured geodesic laminations on S whose support is uniquely ergodic and 
fills up S, then the set of unit area quadratic differentials in Q 1 with horizontal and 
vertical measured geodesic lamination whose support is uniquely ergodic and fills 
up S is (non-canonically) homeomorphic to (UC xW£-A) xl (where A is the di- 
agonal) by associating to a pair of distinct points in UC and the origin in K a point 
on the geodesic determined by the pair of projective measured geodesic laminations 
and extending this map to (UC x UC — A) x M in such a way that the Teichmiiller 
geodesic flow acts on (UC x UC - A) x R via $* ( [v] , [v'\ ,a) = Qy], [v'} ,t+s). 

The Lebesgue measure Ao is locally of the form d\o = dfj, + x x dt where 
fi^ 1 is a measure on the space of projective measured geodesic laminations which 
gives full mass to the projective measured geodesic laminations whose support is 
uniquely ergodic and fills up 5* and which is uniformly exponentially expanding 
(contracting) under the Teichmiiller geodesic flow. The projection /x of Ao to the 
moduli space Q of area one quadratic differentials is ergodic [M82|. I V86j . The 
Lebesgue measure class on VMC x VMC can be obtained by desintegration of the 
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Lebesgue measure on (UT x UT — A) x M and therefore this measure class is doubly 
crgodic under the action of M.CQ by the usual Hopf argument (see |V86j ) . This 
shows the proposition. □ 

The curve graph C{S) of S is the metric graph whose vertices are the free homo- 
topy classes of essential simple closed curves on S and where two such curves are 
joined by an edge of length one if and only if they can be realized disjointly. The 
curve graph is a hyperbolic geodesic metric graph [MM99 , and the mapping class 
group acts on C(S) as a group of simplicial isometries. 

The Gromov boundary dC(S) of the curve graph of S can be identified with the 
space of minimal geodesic laminations which fill up S 1 , equipped with the coarse 
Hausdorff topology: A sequence {A^} C dC(S) converges to a lamination A if and 
only if A is the minimal component of every accumulation point of this sequence 
with respect to the usual Hausdorff topology on the space of geodesic laminations 
[K1991 [H06] . This description of dC(S) is used to derive the second corollary from 
the introduction. 

Corollary 8.2. The action of M.CQ on the Gromov boundary of the curve graph 
is universally amenable. 

Proof. Let A C CC be the set of all complete geodesic laminations which contain 
a minimal component filling up S. Then A is a Borel subset of CC. Namely, for a 
simple closed curve c on S let B(c) be the set of all complete geodesic laminations 
which either contain c as a minimal component or are such that they intersect c 
transversely in finitely many points. Clearly B(c) is a countable union of closed 
subsets of CC and therefore B(c) is a Borel set. On the other hand, the complement 
of A in CC is the countable union of the Borel sets B(c) where c ranges over the 
simple closed curves on S. Then the set A is a Borel set as well. Moreover, A is 
invariant under the action of the mapping class group. 

There is a natural continuous A'fCCz-equivariant map tp : A — > dC(S) which maps 
a lamination A G A to its (unique) minimal component. By Lemma 12.21 the map ip 
is surjective. Moreover, tp is finite-to-one, which means that the cardinality of the 
preimage of a point in dC(S) is bounded from above by a universal number £ > 0. 
Since the action of A4CG on CC is topologically amenable, the action of M.CQ on 
A is universally amenable |AR00j . Now the map ip is finite-to-one and therefore by 
Lemma 3.6 of [A96j the action of M.CQ on dC{S) is universally amenable as well. 
This shows the corollary. □ 

Since the set of projective measured geodesic laminations whose supports are 
uniquely ergodic, maximal and minimal embeds into the Gromov boundary of the 
curve graph K199, H06], the Lebesgue measure class on VM.C induces an MCQ- 
invariant measure class on dC{S). The following corollary is immediate from Propo- 
sition 18.11 

Corollary 8.3. The Gromov boundary of the curve graph equipped with the Lebes- 
gue measure class is a strong boundary for MCQ . 
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9. Super-rigidity of cocycles 

In this section we show Theorem 2 from the introduction. We begin with having 
a closer look at the action of A4CQ on the curve graph C(S) of S. 

An action of a group T on a Borel space X is called tame if there exists a 
countable collection of T-invariant Borel subsets of X which separates orbits. 
This means that if X\ , X2 are T-orbits and if X\ ^ X2 then there is some Xq G 
such that X 1 C X and X x n X = [Z84 1IA96] . 

Let A4C(S) be the countable set of multi-curves on S equipped with the discrete 
topology and let VAiC(S) be the space of probability measures on A4C(S). The 
mapping class group acts naturally on A4C(S) and hence on VA4C(S). We have. 

Lemma 9.1. The action of M.CQ on VftAC{S) is tame, and the stabilizer of a 
point either is a finite subgroup of M.CQ or it is contained in the stabilizer of a 
multi- curve. 



Proof. Since the set A4C(S) of all multi-curves on S is countable, the action of M.CQ 
on MC{S) is tame. Let Q = {(v,qi,q 2 ) 6 MC(S) x Q x <Q> | < q 1 < q 2 < 1}. 
The mapping class group acts on Q, and this action is tame. Moreover, each 
point (v, qi,q2) <E Q defines a Borel subset P(q) of PMC(S) by P(q) = {n \ pi(v) <E 
[9i 1 92]}- The A'lC^-orbits of these sets together with their finite intersections define 
a countable collection of TWCCJ-invariant Borel subsets of PA4C(S) which clearly 
separates orbits. This yields that the action of M.CQ on PM.C(S) is tame. 

We are left with showing that the stabilizer of a probability measure [i G 
PM.C(S) either is a finite subgroup of A4CG or is contained in the stabilizer of 
a multi-curve. For this note that a mapping class which preserves the measure /j, 
preserves the subset C of MC(S) on which the value of /x is maximal. Since this 
set is finite and since a pseudo-Anosov element of A4CQ acts on the curve graph 
with unbounded orbits, the stabilizer of /x does not contain any pseudo-Anosov ele- 
ment. By a structural result of McCarthy and Papadopoulos [MP89 for subgroups 
of M.CQ, this implies that either this stabilizer is finite or that it is contained in 
the stabilizer of a multi-curve as claimed. □ 



The Gromov boundary dC(S) of the curve graph C(S) of S can be identified 
with the space of all minimal geodesic laminations on S which fill up S, equipped 
with the coarse Hausdorff topology (see [K199, H06] and Section 8). In particular, 
dC(S) is non-compact. Denote by P{dC{S)) the space of probability measures on 
the Gromov boundary dC{S) of C(S) and let P>3 be the subspace of all measures 
whose support contains at least three points. The mapping class group acts on P>3 
as a group of automorphisms. We have. 

Lemma 9.2. The action of MCQ on P>z is tame, and the stabilizer of a point is 
a finite subgroup of MCQ . 
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Proof. Let T be the space of triples of pairwisc distinct points in dC(S). Every 
measure \i E V>j, induces a non-trivial finite Borel measure fjr = fx X ju, X fj, on 
T. The mapping class group acts diagonally on T as a group of homeomorphisms. 
Every point x E T has a neighborhood N in T such that g(N) D N ^ $ only 
for finitely many g E MCQ [H08 . Since T is second countable, this immediately 
implies that the action of MCQ on the space of probability measures on T is tame. 
But then the action of MCQ on V>z is tame as well. 

To show that the stabilizer of fi € V>3 under the action of MCQ is finite, choose 
a subset V of T whose closure in dC(S) x dC(S) x dC(S) does not contain points in 
the complement of T and such that [i 3 (V) > 3/i 3 (T)/4. Such a set exists since \i is 
Borel and T is an open subset of the metrizable space dC(S) x dC(S) x dC(S). Now 
if g E MCQ stabilizes /x then gVDV / 0. On the other hand, there are only finitely 
many elements g G such that gl^ CiV^® [HQ8 . Therefore the stabilizer of 

H is finite. □ 

As in Section 8, let A C CC be the Borel subset of all complete geodesic lami- 
nations which contain a minimal component filling up S. Write B = CC — A. We 
have. 

Lemma 9.3. There is a MCQ-equivariant Borel map $ : B — ► MC(S). 

Proof. For every A G B, the minimal arational components of A do not fill up S. 
Thus a minimal arational component A of A fills a proper connected subsurface 
S of S which is determined by requiring that it contains A and that every non- 
peripheral simple closed curve on S intersects A transversely. The boundary of 
S consists of a collection of essential simple closed curves which do not have an 
essential intersection with any minimal component of A. As a consequence, the 
union of these (geodesic) boundary curves with the closed curve components of A 
defines a non-trivial multi-curve on S. We obtain a natural .MCCf-equivariant map 
$ : B — > MC(S) by associating to A G B this multi-curve. 

We claim that the map $ is Borel. For this let c be any multi-curve and let 
Si , . . . , Sk be the components of S — c, ordered in such a way that the pairs of 
pants among these components are precisely the surfaces S^+i, . .. ,Sk- Let J be 
any (possibly empty) subset of {1, ...,£} and let C (J) be the set of all geodesic 
laminations which consist of |J| minimal arational components and such that each 
of these components fills one of the subsurfaces Sj for j G J. Let C(J) C $ _1 (c) 
be the set of all complete geodesic laminations ( G < f )_1 (c) whose minimal arational 
components fill the surfaces Sj for j G J. Then <& -1 (c) is a finite disjoint union of 
the sets C( J) and hence $ is Borel if each of the sets C( J) is a Borel set. 

To show that this is the case, note that there is a natural map $o : C(J) — > 
Cq(J). For a fixed geodesic lamination v G C ( J), the set $q 1 (v) C C(J) C $ _1 (c) 
is countable. Namely, every lamination £ G < i> ( ^ 1 (^) is determined by the union 
of its minimal components not contained in v which are components of c and by 
additional finitely many isolated leaves which spiral about the minimal components. 
Each of the spiraling leaves is determined by its closure which is the union of the 
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leaf with one or two minimal components and by the homotopy class relative to the 
boundary of its intersections with the components Si. 

On the other hand, every complete geodesic lamination £ G C( J) can be obtained 
from a point £ G (f) by replacing some of the minimal components which fill 
up the surfaces Sj for j G J by another such minimal geodesic lamination. As a 
consequence, the set C(J) is a countable union U^^-i, V \Q(() where for ( G $q 
the set Q(C) consists of all complete geodesic laminations which can be obtained 
from £ by exchanging some of the minimal arational components by some other 
minimal arational components filling up the same subsurface. Now to show that 
$~ 1 (c) is a Borel set, it suffices to show that each of the sets Q(C) (C £ ^o^M) ^ s 
Borel. 

Thus let C G *o V) for v e C o(J) be fixed. The set Q'(Q of all complete 
geodesic laminations whose restriction to S — Uj^jSj coincides with £ is a Borel 
subset of CC, and hence by the consideration in the proof of Corollary 18. 2\ the 
subset Q(() of Q'(C) is a Borel subset of CC as well. This shows that indeed $ _1 (c) 
is a Borel subset of B and completes the proof of the lemma. □ 

Now let n > 2 and for i < n let Gi be a locally compact second countable 
topological group. Let G = G\ X • • • X G n and let T < G be an irreducible lattice. 
This means that L is a discrete subgroup of G such that the volume of G/T with 
respect to a Haar measure A on G is finite (in particular, G is unimodular), and 
that for every i the projection of T to Gi is dense. The group G acts on G/T by 
left translation preserving the projection of the Haar measure. 

Let (A, /i) be a standard probability space with a measure preserving mildly 
mixing action of T. An MCQ-valued cocycle for the action of T on (A, fi) is a 
measurable map ccTxI-* MCQ such that a{gh, x) — ot(g, hx)a(h, x) for almost 
all a; G A, all g, h G T. The cocyle a is cohomologous to a cocycle a' if there is 
a measurable map <p : A — > MCQ such that (p(gx)a(g, x) = a'(g, for every 

g G r and almost every x G X. We show. 

Lemma 9.4. Let a be an M.CQ -valued cocycle for the action of T on (A, /i). Then a 
is cohomologous to a cocycle a' which satisfies one of the following four possibilites. 

(1) There is some i < n and there is a finite subgroup K of MCQ with normal- 
izer N such that a' is induced from a continuous homomorphism G — > N/K 
which factors through Gi . 

(2) The image of a' is contained in a finite subgroup of MCQ. 

(3) The image of a' is contained in a virtually abelian subgroup of MCQ. 

(4) The image of a' is contained in the stabilizer of a multi-curve. 

Proof. Let V be an irreducible lattice in G = G\ x • • • x G n and let (A, /i) be a 
standard probability space with a mildly mixing measure preserving action of T . 
Since r < G is a lattice, the quotient space (G x A)/r can be viewed as a bundle 
over G/T with fiber X. 

Let O C G be a Borel fundamental domain for the right action of T on G. Then 
ftxXcGxXisa, finite measure Borel fundamental domain for the action of F 
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on G x X. Thus up to normalization, the product A x /i of a Haar measure A on G 
and the measure /i on X projects to a probability measure v on (G x X)/T. The 
action of G on G x X by left translation commutes with the right action of Y and 
hence it projects to an action on (G x X)/T preserving the measure v (see p. 75 of 

izsn). 

For z € ri and j 6 G let 77(5, z) £ T be the unique element such that 52 G 
£lr](g, Clearly 77 is a Borel map. We then obtain a A x ^-measurable map 

/?:Gx(GxI)/r^ -MC<7 by defining f3(g, (z, cr)) = a(r/(g, z), a). By construction, 
P satisfies the cocycle equation for the action of G on (G x X)/T. 

The group G admits a strong boundary which is a Borel G-space B with an 
invariant doubly ergodic Borel measure class C and such that the action of G with 
respect to this measure class is amenable |Ka03j . We may assume that B is also a 
strong boundary for L. Let VCC be the space of all Borel probability measures on 
CC. Since CC is a compact metric MCG-sp&ce, by Proposition 4.3.9 of |Z84j there 
is a /3-equivariant Furstenberg map / : (G x X)/T x B — > PCX. Now the action of 
G on (G x X)/T is ergodic and the action of G on i? is doubly ergodic. Therefore if 
there is a subset D of (G x X) /r x 5 of positive measure such that for every x E D 
the support of f{x) meets the A^Ct/-invariant Borel subset A of CC of all complete 
geodesic laminations which contain a minimal component filling up S, then this is 
the case for almost every x £ (G x X)/T x B. Since every measure can be written 
as a sum of a measure on A and a measure on B = CC — A, we may assume without 
loss of generality that either for almost every x the measure f(x) gives full mass to 
the set A or that for almost all x the measure f(x) gives full mass to the set B. 

We distinguish now two cases. 

Case 1: For almost all x G (G x X)/T x B, the measure f(x) gives full mass to 
the set B. 

By Lemma [9~3l there is an equivariant Borel map 4> : B — » A^C(S'). The map $ 
induces a .MC<5-cquivariant map of the space of Borel probability measures on 
6 into the space VMC(S) of probability measures on AiC(S). Since by Lemma l9Tl 
the action of A4CQ on VMC(S) is tame, with stabilizers which either are finite or 
preserve a multi-curve, there is a /3-equivariant map / : (GxA)/rxB^ A4CG /-Mo 
where A4o < M.CQ either is a finite group or is the stabilizer of a multi-curve. 

Since the diagonal action of G on (G x X)/T x B x B is also ergodic, if M.q is a 
finite group then Lemma 5.2.10 of |Z84| implies that (3 and hence a is cohomologous 
to a cocycle ranging in a finite subgroup of M.CQ. Thus in this case the second 
alternative in the lemma holds. 

If M.q is the stabilizer of a multi-curve c, then as before, a is cohomologous to 
a cocycle with image in the stabilizer of a multi-curve, i.e. the forth alternative 
in the lemma holds true. To see that this is indeed the case, it is enough to 
inspect the proof of Lemma 5.2.10 of Z84J. Namely, in this case the quotient space 
M.CQ/ M.q can be identified with the space of multi-curves which are topologically 
equivalent to c, i.e. which have the same number of components as c and which 
decompose the surface S into connected components of the same topological types. 
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Since MCQ is countable, the left action of MCQ on MCQ / Mo x MCQ /Mo is 
tame. For s G (G x X)/r let / s : S x B -> XC5/X x TWCg/Xo be given by 
fsiViiVi) = (f(s,yi),f(s,y 2 )). Since the action of G on (G x X)/T x B x B is 
ergodic, there is an A^C^-orbit for the action of MCQ on MCQ / Mo x TWC^/Xo 
such that for ^-almost every s £ (G x X) /r and for ^-almost all 1/1,1/2 £ B we have 
fs(yi,y2) £ C- On the other hand, since MCQ / Mo is countable, the measure 
(/s)*(C x C) is a purely atomic product measure and therefore it does not vanish on 
the diagonal of MCQ / 'Mo x MCQ j Mq. This diagonal is invariant under the action 
of MCQ and hence it coincides with the orbit O. Therefore for ^-almost every 
s G (G X X)/T the measure (f s )*C i s supported on a single point. This implies 
that / induces a measurable /3-equivariant map (G x X)/T —* MCQ / Mo- By the 
cocycle reduction lemma (Lemma 5.2.11 of |Z84j ). this just means that the cocycle 
j3 is cohomologous to a cocycle into Mo and hence the same is true for a. 

Case 2: For almost all x G (G x X)/T x B the measure f(x) gives full mass to 
the invariant Borel set A. 

Via composing / with the natural VWCC?-equivariant map A — > dC(S) (compare 
Section 8) we may assume that / maps (G x X) /T x B into the space of probability 
measures on dC(S). By Lemma l£T2l the action of MCQ on V>z is tame, with finite 
point stabilizers. Thus if there is a set of positive measure in(GxX)/rxB such 
that for every point x in this set the support of f(x) contains at least 3 points, then 
we conclude as in Case 1 (and following [Z84J ) that a is cohomologous to a cocycle 
ranging in a finite subgroup of MCQ, i.e. the second possibility in the lemma is 
satisfied. 

In the case that for almost all x the measure f(x) is supported on two distinct 
points, wc follow Lemma 23 in MM SO 1 . Namely, let V2 be the space of subsets of 
cardinality two in dC(S) and let V be the set of pairs of distinct (not necessarily 
disjoint) points (x, y) € T>2 x T>2- The mapping class group naturally acts on T> as 
a group of transformations. 

By hypcrbolicity, there is a family of distance functions S z on dC(S) (z £ C(S)) 
of uniformly bounded diameter [BH99J. For two disjoint elements x = {xi,^} and 
V = {2/1,2/2} of X> 2 let 

P {X, y) = log y~ ; r^- . 

0z{xi,y2)0 z (y 2 ,x 1 ) 

This function extends to a continuous function p' : T> —> [0, 00) such that p'(x, y) = 
if and only if x n y ^ (see |MMS04j . The metric space (dC(S),S z ) is not 
locally compact, but the action of MCQ on the space of triples of pairwise distinct 
points is metrically proper [H08] (this means that for every open subset V of T 
whose distance to dC(S) x dC(S) x dC(S) — T with respect to a product metric is 
positive, we have gV (~l V ^ only for finitely many g 6 MCQ). Therefore there is 
a continuous function h : T> — > [0, 00) with the following property. 

(1) For all (x,y) G V we have J2 a eMcg 2/)) = 1- 

(2) For every closed set L C D whose distance to (p') _1 ( u ) w ^ n respect to 
the product metric is positive, the same is true for the intersection of the 
support of h with Ug^MCQgL. 
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The function p{x,y) — J2g£MCG h{g~~ 1 {x,y))p'(g~ 1 (x 1 y)) is .MCty-invariant and 
continuous, and p(x,y) > if x, y are disjoint. Using the function p we argue 
as in Lemma 3.4 of |MS04j and its proof. We conclude that either the image of 
the cocycle (3 stabilizes a pair of distinct points in dC(S), or the image of / is 
contained in the space of Dirac measures on dC(S), i.e. / is an equivariant map 
(G x X)/T x B — » dC(S). On the other hand, if the image of (3 stabilizes a pair of 
distinct points in dC(S), then this image is contained in a virtually abclian subgroup 
of A4CQ and therefore the third alternative of the lemma is satisfied. 

Now we are left with the case that for almost every x E (G x X)/T x B the 
measure f(x) is supported in a single point, i.e that / is a .MCC?-equivariant map 
(G x I)/r x B -i dC(S). Let H < MCQ be the subgroup of MCQ generated by 
the image of the cocycle and let A c dC(S) be the limit set for the action of H 
on C(S), i.e. A is the set of accumulation points of an f/-orbit on C(S). If this limit 
set consists of at most two points, then either H is virtually abelian and the third 
alternative in the lemma holds true, or an -ff-orbit in C(S) is bounded. However, 
if an ff-orbit on C(S) is bounded then the structure result of [MP89] implies that 
either H is finite or H stabilizes a multi-curve (compare the proof of Lemma |9.1[) . 
Thus for the purpose of the lemma, we may assume that A contains more than two 
points; then A is a closed ii-invariant subset of dC(S) 

Let T be the space of triples of pairwise distinct points in A. We showed in [H08 
that there is a continuous non-trivial cocycle p : T — ► L 2 (H) for the action of H < 
MCQ on T. Via (3, this cocycle then induces a non-trivial measurable L 2 (iJ)-valued 
cocycle on (G x X)/T x B. Since the action of G on B is doubly ergodic, such a 
cocycle defines a non-trivial cohomology class for G with coefficients in the separable 
Hilbert space L^{(G x X)/T, L 2 {H)) of all measurable maps (G x X)/T -> L 2 (H) 
with the additional property that for each such map a, the function x — > is 
square integrable on (G x X)/T. 

For every i < n define G\ = Yij^i^j- By assumption, the projection of F 
to d = G^\G is dense and therefore by Lemma 2.2.13 of |Z84j . the action of 
r on Gi by right translation is ergodic. Then by Moore's ergodicity theorem, 
the action of G\ on G/T is ergodic as well. Since by assumption the action of F 
on (X, /j,) is mildly mixing, the results of [SW82] imply that the action of Gi on 
((G x X)/T, v) is ergodic. As in |MMS04j . we conclude from the results of Burger 
and Monod [BM99, BM02] that there is some i < n and there is an equivariant 
map (G xI)/r-4 L 2 (H) for the restriction of (3 to G' t x (G x X)/T. Since the 
action of G[ L on (G x X)/T is ergodic, the restriction of (3 to G\ is equivalent to 
a cocycle into the stabilizer of a non-zero element of L 2 (H) (see Lemma 5.2.11 of 
[Z84j V Since the action of H on itself by left translation is simply transitive, this 
stabilizer is a finite subgroup of H . 

We now follow the proof of Theorem 1.2 of MS04] and find a minimal such 
finite subgroup K of MCQ. The cocycle (3 is cohomologous to a cocycle (3' into the 
normalizer N of K in and the same is true for the cocycle a. Proposition 

3.7 of [MS04] then shows that (3' is induced from a continuous homomorphism 
G — > N/K which factors through Gi. In other words, the first alternative in the 
statement of the lemma is satisfied. This completes the proof of the lemma. □ 
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Theorem [2] from the introduction follows from Lemma 19.41 and an analysis of 
cocycles a which are cohomologous to a cocycle, again denoted by a, with values in 
the stabilizer H of a multi-curve c. Now if c has d < 3g—3+m components, then the 
group H is a direct product of Z d with the mapping class group Ado of the (possibly 
disconnected) surface Sq which we obtain from S — c by pinching each boundary 
circle to a point, and where the group Z d is generated by the Dehn twists about the 
components of c. Note that J\4q is a finite extension of the direct product of the 
mapping class groups of the connected components of So. Let p : H — > A4q be the 
natural projection and let Co be the space of all complete geodesic laminations on 
So- Then Co is a compact .Mo-space and hence we can apply our above procedure 
to the cocycle p o a, the compact space Co and the group A4q. After at most 
3<7 — 3 + k steps we conclude that indeed the cocycle a is cohomologous to a cocycle 
with values in subgroup of AiCQ which is a finite extension of a group of the form 
Z x N/K where I < 3g — 3 + k, where K < A4CQ is finite, N is the normalizer of 
K in AiCG and such that there is a continuous homomorphism G — » N/K. This 
completes the proof of Theorem [2j 

10. Appendix: Splitting, Shifting and Carrying 

In this appendix we establish some technical properties of complete train tracks 
on S. This appendix only uses results from the literature which are summarized in 
Section 2, and is independent from the rest of the paper. Its main goal is the proof 
of Proposition 110.61 which is used in an essential way in Section 6. 

By the definition given in Section 2, a complete train track on the non-exeptional 
surface S of finite type is a train track which is maximal, generic and birecurrent. 
By Lemma 12.31 such a train track r carries a complete geodesic lamination A. It 
can be split at any large branch to a train track a which carries A as well, and a 
is complete and is carried by r. Moreover, the choice of a right or left split at e is 
uniquely determined by A. On the other hand, r can not be split to every complete 
train track r\ which is carried by t. Namely, to pass from t to 77 it may be necessary 
to do some shifting moves as well (see Chapter 2 of |PH92) for a detailed discussion 
of this fact). Shifting involves making choices, and these choices are hard to control 
combinatorially. 

We overcome this difficulty by obtaining a better quantitative understanding 
of the relation between splitting, shifting and carrying of complete train tracks. 
This is done by putting a train track a which is carried by a train track r in 
a standard position with respect to t and use this standard position to define a 
numerical invariant which can be controlled under splitting moves. Part of the 
material presented here is motivated by the results in Section 2.3 and Section 2.4 
of [PH92] . Recall from Section 2 the definition of a foliated neighborhood A of a 
generic train track r PH92]. 

Definition 10.1. Let r be a generic train track with foliated neighborhood A and 
collapsing map F : A — > r. A generic train track a is in general position with 
respect to A if the following three conditions are satisfied. 

(1) a is contained in the interior of A and is transverse to the ties. 
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(2) No switch of a is mapped by F to a switch of r. 

(3) For every x G r the tie F^ 1 (x) contains at most one switch of a. 

Note that by definition, a train track in general position with respect to a foliated 
neighborhood A of r is always carried by r, with the restriction of the collapsing 
map F '. A — ► t as a carrying map. Moreover, every generic train track a which is 
carried by r can be isotoped to a train track in general position with respect to A. 

Let a be a generic train track in general position with respect to the standard 
neighborhood A of the complete train track t, with collapsing map F : A — > r. Let 

6 be a branch of r which is incident and large on a switch v of r. A cutting arc for 
a and v is an embedded arc 7 : [0, d] — > F^ 1 ^) which is transverse to the ties of A, 
which is disjoint from a except possibly at its endpoint and such that the length 
of F(pf) C b is maximal among all arcs with these properties. The maximality 
condition implies that either F(j[0, d]) = b, i.e. that 7 crosses through the foliated 
rectangle F _1 (6), or that 7(6) is a switch of a contained in the interior of F^ib), 
and the component of S — a which contains v has a cusp at 7(d). 

We use cutting arcs to investigate whether or not a is carried by a split of r at 
some large branch e. 

Lemma 10.2. Let a be in general position with respect to the foliated neighborhood 
A of t, with collapsing map F : A — > r. Let e be a large branch which is incident on 
the switches v,v' of t. Let 7 : [0,d] — > F~ 1 (e),j' : [0,d] — > F^ 1 (e) be cutting arcs 
for a and v,v'. If a is not carried by a split of t at e then "/(d), j'(d) are switches 
of a contained in the interior of F^ 1 (e), and there is a trainpath p : [0, m] —> 
a n F~ 1 (e) connecting p(0) = j(d) to p(m) — j'(d). 

Proof. Let e be a large branch of r incident on the switches v and v'. Let a be in 
general position with respect to the foliated neighborhood A of r with collapsing 
map F : A — > t. Assume that a is not carried by any split of t at e and let 

7 : [0,d] — > F~ 1 (e),Y : [0,d] — ► F _1 (e) be cutting arcs for v,v' and a. 

We show first that 7(d) is a switch of o contained in the interior of F^ 1 (e). For 
this we argue by contradiction and we assume that 7(d) G Since <r is 

contained in the interior of A and v 1 is contained in the boundary of A, we may 
assume that 7(d) is contained in — v' — a. Then 7(d) is contained in the 

boundary of a unique foliated rectangle R C A whose image under the collapsing 
map F is a branch of r which is incident and small at the switch v'. Extend 7 a 
bit beyond 7(d) to an arc 7 transverse to the ties of A and disjoint from whose 
endpoint is contained in the interior of R. The train track obtained by cutting the 
foliated neighborhood A open along 7 as shown in Figure D and by collapsing the 
ties of the induced foliation of A — 7 carries a and is a split of r at e. This means 
that a is carried by a split of r at e which is a contradiction. As a consequence, 
w = 7(d) and w' = j'(d) are switches of a contained in the interior of F~ 1 (e) which 
are cusps for the complementary components of a containing v, v' . 

Let v : [0, 00) — > a be a trainpath on er issuing from v(Q) = w such that v[0, 1/2] 
is the half-branch of a which is incident on w and large at w. Since a is transverse 
to the ties of A, there is a smallest number t > such that F(v(t)) = v' . The arc 
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v[0, t] is embedded in a. Now if every such embedded arc of class C 1 in F^ 1 (e) n a 
connects w to the same component of F (v 1 ) — v' then a is carried by a split of r 
at e. Thus there are two embedded arcs u, v' of class C 1 in a n F~ 1 (e — F(7[0, d))) 
whose endpoints are contained in the two different components of F _1 (t>') — v'. 

Let C be the connected component of F _1 (e) — (z/Uj/) which contains the switch 
v' of t. The closure of C does not intersect and it contains the switch w' 

of a. Every trainpath on a issuing from w' which intersects necessarily 
intersects one of the arcs c or i/'. Since the restriction of the differential dF of F to 
a vanishes nowhere, this implies that there is an embedded trainpath p : [0, to] — > a 
which is entirely contained in F _1 (e) and connects w = p(0) to w' = p(m). This 
shows the lemma. □ 

Next we show that a train track a G V(TT) which is carried by a train track 
t G V(TT) and is not carried by any split of r can be shifted and isotoped to 
a train track a' which is in standard position relative to r. For this we have to 
introduce some more terminology. 

Let a be any generic train track on S and let p : [0, n] — > a be an embedded 
trainpath. For i G {1, . . . ,n — 1} the point p(i) is a switch of a contained in the 
interior of p[0,n]. Since every switch is trivalcnt, there is a unique branch of r 
which is incident on p(i) and not contained in p[0,n]. We call p(i) a right switch 
if this branch lies to the right of p with respect to the orientation of S and the 
orientation of p; otherwise p(i) is called a left switch. Moreover, the switch p{i) 
is called incoming if the half-branch p[i — 1/2, i] is small at p(i), and we call the 
switch p(i) outgoing otherwise. 

Define a special trainpath on a generic train track a to be a trainpath p : [0, 2k — 
1] — ► a of length 2k — 1 for some k > 1 with the following properties. 

(1) p[0, 2fc — 1] is embedded in a. 

(2) For each j < k — 1 the branch p[2j, 2j + 1] is large and the branch p[2j + 
1, 2j + 2] is small. 

(3) With respect to the orientation of S and the orientation of p, right and left 
switches in p[l, 2k — 2] alternate. 

The left part of Figure E shows a special trainpath of length 5. 



Let again a be a generic train track and let p : [0, k] — > a be any embedded 
trainpath on a. Define a standard neighborhood of p in a to be a closed connected 
neighborhood of /?[0, k] in the graph a which does not contain a switch distinct 
from the switches contained in p[0, k]. As an example, a standard neighborhood of 
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a single branch e of a incident on two distinct switches is the union of e with four 
neighboring half-branches. 

Let t £ V(TT) be a complete train track and let A be a foliated neighborhood 
of t with collapsing map F : A — > r. Let a C A be a complete train track which 
is in general position with respect to A. Then the restriction of the collapsing map 
F to a is surjective. Thus if we denote for a branch b of r by v(b, a) the minimal 
cardinality of F^ 1 (x) n <r where a; varies through the points in b then v(b, a) > 
for every branch &. Since no switch of a is mapped by F to a switch of r, there 
is a point x contained in the interior of b for which the cardinality of F~ 1 (x) f) a 
equals v(b,cr). Moreover, since any tie of A contains at most one switch of a by 
assumption, we may assume that F~ 1 (x) does not contain any switch of a. Note 
that if we deform a with an isotopy of train tracks in general position relative to 
A, then the values v{b, a) do not change along the isotopy. However, this may not 
be the case for general deformations of a transverse to the ties of A. 

The following technical lemma shows that a train track a £ V(TT) which is 
carried by a train track r £ V(TT) and is not carried by any split of r can be 
shifted and isotoped to a train track a' which is in standard position relative to r. 

Lemma 10.3. Let r £ V(TT) and let A be a foliated neighborhood of r with 
collapsing map F : A — > r. Let a £ V(TT) be in general position with respect to 
A, let e be a large branch of r and let V C U be standard neighborhoods of e in t 
so that V is contained in the interior of U . Lf a is not carried by a split of r at e, 
then a can be shifted and isotoped to a train track a' with the following properties. 

(1) a' is in general position with respect to A, and we have a' H F~ 1 {t — U) — 
a n F (t — U). 

(2) F (V) fl a' is the disjoint union of a standard neighborhood V of a spe- 
cial trainpath p on a' and a (possibly empty) collection of simple arcs not 
containing any switch of a' . The set V is mapped by F onto V. 

(3) Ifv(e, a) = 1 then F~ 1 (V) Ha' is a standard neighborhood of a single large 
branch in a' . 

Proof. Let t be a complete train track with foliated neighborhood A and collapsing 
map F : A — > r. Let a C A be a complete train track in general position with 
respect to A. Then a is carried by r with the restriction of F as a carrying map. 
Let e be a large branch of r and assume that a is not carried by any split of r at e. 

Let v, v' be the switches of r on which the large branch e is incident. The points 
v,v' are contained in complementary regions of a. Let 7 : [0, d] — > F (e) and 
7' : [0, d'] — > F~ 1 (e) be cutting arcs for a and v,v'. By Lemma [10.21 the points 
w = 7(d) and w' — ^(d!) are switches of tr contained in the interior of F~ 1 (e). 
Moreover, there is a trainpath p : [0, m] — > a n F^ 1 (e) which connects p(0) = 7(d) 
to p(m) = j'id). The half-branch p[0, 1/2] is large at p(0), and p[m — 1/2, m] is 
large at p(m). Since a does not have embedded bigons, p is unique. We call p the 
cutting connector for a and e. 

Recall the definition of right and left and incoming and outgoing switches along 
the trainpath p. Define the switch p(0) to be incoming and the switch p(m) to be 
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outgoing. Let j G {1, . . . , to} be the smallest number with the property that p{j) 
is outgoing. We claim that if p(j) is right outgoing, then none of the switches p(k) 
for k > j is right incoming. For this we assume to the contrary that for some k > j 
the switch p{k) is right incoming. Now every subarc of a trainpath on a which 
is entirely contained in F~ (e) is mapped C^diffcomorphically onto a subarc of 
e by the map F. Let bj,bk be the branches of a which are incident on p(j),p(k) 
and whose interiors are disjoint from p. Then there is a subarc of a trainpath on 
a which begins at p(k), connects p(k) to a point in F~ 1 (Fp(0)) and whose initial 
segment is contained in the branch bk- Since a does not have embedded bigons, 
the interior of this arc is entirely contained in the interior of the component R of 
F~ 1 (F(p[0, to])) — p[0, to] to the right of p with respect to the orientation of p and 
the orientation of S. Similarly, there is an embedded subarc of a trainpath on a 
which begins at p(j), connects p(j) to a point in F~ 1 (Fp(mj) and whose initial 
segment is contained in the branch bj. The interior of this arc is contained in R as 
well. Therefore these arcs have to intersect in the interior of R. However, a does 
not have embedded bigons and hence this is impossible. Note also that if there is a 
point a; G e such that F~ 1 (x) n a consists of a single point, then x G F(p[j — 
and none of the switches p(i) for i > j is incoming. 

We can modify the train track a with a sequence of shifts and isotopies in to — 1 
steps as follows. Let again j < to be the smallest number such that the switch p{j) 
is outgoing. The branches incident on the switches p(l), . . . , p(j—l) can successively 
be moved backward along p with a sequence of shifts past the switch w to a switch 
contained in F~ 1 (e — Fp[0,m]) as shown on the right hand side of Figure E. This 
operation can be done in such a way that the resulting train track a is in general 
position with respect to A, that v(e, a) = 1 if and only if v(e, a) = 1 and that a 
coincides with a in A — F~ 1 (e). The length of the cutting connector p for v and v' 
in a equals m—j + 1, and p[k, k + 1] = p[k+ j — 1, k+j] for k > 1. The branch p[0, 1] 
in a which is incident and large at w is a large branch. Moreover, if v(e, a) = 1 
then there is a point x € F(p[0, 1]) such that the cardinality of a n F^ 1 (x) equals 
one. 

If each of the switches p(i) for i > 1 is outgoing then we can modify a with 
a sequence of shifts so that the cutting connector in the modified train track is a 
single large branch. Note that this is the case if v(e, a) = 1. Otherwise assume that 
p(l) is right outgoing and let k > 1 be the smallest number such that p(k) is left 
incoming. Then each of the switches p(i) for 1 < i < k — 1 is right outgoing and 
hence a can be modified with a sequence of shifts in such a way that the path p[l, k] 
corresponds to a single small branch in the cutting connector for the modified train 
track. Inductively, this just means that with a sequence of shifts and an isotopy 
we can modify a to a train track a\ which is in general position with respect to e, 
which coincides with a in A — F^ 1 (e) and such that the cutting connector p\ for v 
and v' in u\ is a special trainpath. If u(e, a) = 1 then p\ consists of a single large 
branch, and there is a point z in the interior of this branch such that the cardinality 
of F~ 1 (F(z)) fl <7i equals one. 

Since o\ is mapped by F onto r, with respect to the orientation of S and the 
orientation of a cutting arc 7 for o\ and v, for each point u G ^(7) there is a unique 
point r(u) G o\ (~l F~ x {u) (or a unique point l(u) Guifl F _1 (u)) which is to the 
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right (or to the left) of 7 and which is closest to 7 fl with this property as 

measured along the arc Then u — * r(u) and u — * £{u) are embedded arcs 

of class C 1 in <j\ which are disjoint from 7 except at their endpoints. 

Let V C U be standard neighborhoods of e so that the closure of V is contained 
in the interior of U. We can isotope o\ by sliding the switches contained in the 
interior of the arcs r and £ backward along r, £ outside of This isotopy can 

be chosen to be supported in — F~ 1 (e ~ F(j[0, d])) and to be transverse to 

the ties of A. Moreover, we may assume that the image of <j\ under this isotopy is 
in general position with respect to A. Since for every u G e — F(7[0, d)) the isotopy 
does not change the cardinality of fieri, if u(e, o~i) = 1 then the same is true 

for the image of o\ under this isotopy. 

As a consequence, after modifying <j\ with an isotopy supported in F (U) 
we obtain a train track whose intersection with F~ X {V) contains a connected 
component which is a standard neighborhood V' of a special trainpath P2, and P2 
is the cutting connector for v and v' in 02- 

Now if there is a connected component (3 ^ V of F~ 1 (V) D <J2, then v(e, a) > 1 
and (3C\F^ 1 (e) is contained in a connected component of F (e) — P2 whose bound- 
ary intersects both F" 1 ^) and F^lv 1 ). It is then immediate that we can deform 
(T2 with an isotopy supported in F (U) to a train track a 1 which is in general 
position with respect to A and has the property that every connected component 
of cr'nF -1 (e) which does not coincide with the standard neighborhood V of P2 is a 
single arc not containing any switches. In other words, a' satisfies the requirements 
in the lemma. □ 

The following observation is a partial converse of Lemma 110.31 It is used to 
determine whether or not a given complete train track a G V(TT) which is carried 
by a complete train track r G V(TT) is carried by a split of r at a given large 
branch e. 

Lemma 10.4. Let A be a foliated neighborhood of a complete train track t with 
collapsing map F : A — > r. Let a G V(TT) be in general position with respect to 
A. Let e be a large branch ofr; ifv(e,o~) — 1 then a is not carried by any split of 
t at e. 

Proof. Let r G V(TT) be a complete train track with foliated neighborhood A and 
collapsing map F : A — > r. Let a G V(TT) be in general position with respect to 
A. Let e be a large branch of r and assume that z^(e, a) = 1. Then there is a point 
x in the interior of e with the property that F (x) Her is a single point z contained 
in the interior of a branch of a. 

Let v be switch on which the branch e is incident and let 7 : [0,d] — ► i 7 ' _1 (e) 
be a cutting arc for a and v. Since a is complete, the restriction of the map F 
to a is surjective. Thus there is an embedded arc v : [0, 1] — ► a fl F^ 1 (e) (or 
v 1 : [0, 1] — > .F (e)) which is mapped by F onto e and which begins at a point 
i/(0) G F _1 (w) (or z/(0) G F~ x (w)) to the right (or to the left) of v with respect to 
the orientation of 7 and the orientation of S. Since F^ 1 (x) Da consists of the single 
point z, the arcs v, v' have to intersect. Thus 7(d) is a switch of a contained in the 
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interior of e, and x G e — F(7[0, d]). Similarly, a cutting arc 7' : [0, d] — > F 1 (e) for 
cr and 1/ ends at a switch of cr contained in the interior of i^ _1 (e) and such that 
x G e-F(~f'[0,d]). 

Now every embedded arc a : [0, 1] — ► a of class C 1 with a(0) = 7(d) and 
Fa[0, 1] = e — F7[0, 1) passes through z, and the same holds true for an embedded 
arc a' : [0, 1] a of class C 1 with a'(0) = 7'(d) and Fa'[0, 1] = e - 7'[0, 1). But 
this implies that there is an embedded trainpath in a which is contained in F (e) 
and connects 7(d) to 7'(d). Then a is not carried by a split of r at e. □ 

Call two train tracks r, cr G V(TT) s/ii/t equivalent if cr can be obtained from r 
by a sequence of shifts. This clearly defines an equivalence relation on V(TT). The 
number of points in each equivalence class is bounded from above by a universal 
constant only depending on the topological type of the surface S. The following 
lemma characterizes complete train tracks cr G V(TT) which are shift equivalent to 
a complete train track r G V(TT). 

Lemma 10.5. Let r G V(TT) and let A be a foliated neighborhood of t with 
collapsing map F : A — > t. Let a G V(T7~) &e in general position with respect to 
A. Lfv(e,a) = 1 for every large branch e of t , then a is shift equivalent to r. 

Proof. Let r G V(TT) with foliated neighborhood A and collapsing map F : A — > 
r. Let cr G V(TT) be in general position with respect to the A Assume that 
v(e, a) — I for every large branch of r; we have to show that a is shift equivalent 
to T. 

By Lemma 110.41 a is not carried by any split of r. Lemma 110.31 then shows 
that after modifying a by a sequence of shifts and an isotopy we may assume that 
for every large branch e of r there is a standard neighborhood U of e such that 
i ;l ~ 1 (C/) n cr is a standard neighborhood of a large branch in cr. 

Following PH92 , define a large one-way trainpath on t to be a trainpath p : 
[0, 771] — ► t such that p[0, 1/2] and p[m — 1/2, to] are large half-branches and that for 
every i < to the half-branch p[i — 1/2, i] is small. Every switch w in r is the starting 
point of a unique large one-way trainpath, and this path is embedded. Define the 
height h(v) of a switch v of r to be the length of the large one-way trainpath starting 
at v. The switches of height 1 are precisely the switches on which a large branch is 
incident. 

Write o\ — a. We construct inductively for each to > 1 a complete train track 
cr m which can be connected to o m -\ by a sequence of shifts and an isotopy and 
with the following properties. 

(1) cr m is in general position with respect to A. 

(2) Every large one-way trainpath p on r of length at most to admits a standard 
neighborhood U with the property that F _1 (J7) is a standard neighborhood 
V of a large one-way trainpath b(p) in a m which is isotopic to p. 
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Assume that for some m — 1 > 1 we constructed the train track a m -i- Let v 
be a switch in r of height to and let p : [0, to] — > r be the large one-way trainpath 
issuing from u. Let 7 : [0, d] F~ 1 (p[0, 1]) be a cutting arc for a and v. We claim 
that 7(d) is a switch of a contained in the interior of F^ 1 (p[0, 1]). For this assume 
to the contrary that this is not the case. Then 7(d) is contained in the singular 
tie F~ (p(l)). Since by assumption singular ties in A do not contain switches of 
<r m _i, the point 7(d) is not a switch of <7 m _i. Thus by possibly modifying 7 with 
a small isotopy we may assume that 7(d) ^ o m -\. 

Since the height of v equals to > 2, p[0, 1] is a mixed branch in r and therefore 
the switch p(l) divides the tie F~ 1 (p(l j) into two closed connected subarcs with 
intersection {p(l)}, where one of the subarcs is the intersection of F~ 1 (p(l)) with 
the boundary of the rectangle F _1 (p[0, 1]); we denote this arc by c. Since cr m _i 
is contained in the interior of the foliated neighborhood A of r and 7(d) £ c, by 
possibly modifying 7 with another isotopy we may assume that 7(d) is contained 
in the interior of c. 

Now F maps er m _i onto r and hence with respect to the orientation of S and 
the orientation of 7 there is a point in <J m -i n-F _1 (p(0)) to the right of p(Q) = 7(0), 
and there is a point in er m _i H F~ 1 (p(0)) to the left of 7(0). Since 7 is disjoint 
from a m -i this implies that there is a point y G c n <r m _i to the right of 7(d), and 
there is a point z / 1/ £ cfl Cm-i to the left of 7(d). However, by the induction 
hypothesis, the intersection of cr m -i with c consists of a single point and hence we 
arrive at a contradiction. 

As a consequence, the cutting arc 7 terminates at a switch w of cr m -\ which is 
contained in the interior of F^ 1 (p[0, 1]). As in the proof of Lemma [10.31 we can 
modify <r TO _i by an isotopy in such a way that for the resulting train track, again 
denoted by <7 m _i, there are two small half-branches which are incident on w and 
are mapped by F onto -F(7[0, d]). 

Let £ : [0, n] — > o m ~\ be the large one-way trainpath issuing from the switch w. 
Since er m -i is transverse to the ties of A and its intersection with the boundary 
component c of the rectangle F~ 1 (p[0, 1]) consists of a unique point, the arc £[0, n] 
can not be contained in i^^plO, 1]). Then there is a minimal number t > such 
that Ec. If £ > is the nonnegative integer such that t E [£, £+ 1), then for 
< i < £ the half-branch £[i — 1/2, i] is small. Thus as in the proof of Lemma Tl 0.31 
we can modify cr m -i by a sequence of shifts and an isotopy in such a way that in 
the modified train track a 1 the arc £[0, £+ 1] consists of a unique branch. Moreover, 
there is a standard neighborhood W of the trainpath p in r with the property that 
F^ 1 (p) Her' is a standard neighborhood of a large trainpath on a 1 which is isotopic 
to W. 

We can now repeat this construction for all large one-way trainpaths on r of 
length m. The resulting train track a m satisfies properties 1) and 2) above for to. 

If too denotes the maximal height of any large trainpath on r, then after Too 
steps we obtain a train track a ma which can be connected to a by a sequence of 
shifts and an isotopy, is contained in A and transverse to the ties. Let B C r be a 
closed subset which we obtain from r by removing from each small branch b of r 
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an open subset whose closure is contained in the interior of b. By construction, the 
train track <j TOo contains a closed subset D which is isotopic to B and coincides with 
F^ 1 (B) n<r mo . Since a mo and r are both complete, they have the same number of 
switches. Thus every switch of o~ mo is contained in D and therefore o~ mo is isotopic 
to t. This finishes the proof of the lemma. □ 

Now we are ready to show the main result of this appendix which relates splitting 
to carrying in a quantitative way. For this define a splitting, shifting and collapsing 
sequence to be a sequence {ai}o<i< m of complete train tracks such that for every i 
the train track a(i + 1) can be obtained from a(i) by a single split, a single shift or 
a single collapse. Recall from the introduction or from Subsection 2.1 the definition 
of a complete geodesic lamination. 

Proposition 10.6. There is a number x > with the following property. Let 
cr -< t S V(TT) and let X be a complete geodesic lamination carried by a. Then r 
is splittable to a train track r' G V(TT) which carries X and which can be obtained 
from a by a splitting, shifting and collapsing sequence of length at most x consisting 
of complete train tracks which carry X. 

Proof. The number of complete train tracks which can be obtained from a fixed 
train track by a sequence of shifts is uniformly bounded. Hence it is enough to 
show that whenever a -< r and A S CC is carried by cr, then r is splittable to a 
train track a' which carries A and can be obtained from a by a uniformly bounded 
number of modifications where each modification consists in a number of shifts and 
a single split or a single collapse. 

Thus let r be a complete train track and let A be a foliated neighborhood of r 
with collapsing map F : A — > r. Let a C A be a complete train track in general 
position with respect to A. Let A be a complete geodesic lamination which is carried 
by a. We use the collapsing map F to define the quantities v{b, a) for a branch b 
of t as in the beginning of this section. If e is a large branch of r with v(e, a) > 2 
and if a is carried by a split f of r at e then for every standard neighborhood V of 
e there is a foliated neighborhood A of r which coincides with A outside of F _1 (V r ) 
and such that a is in general position with respect to A. Thus if b ^ e is any 
branch different from e with v(b, a) = 1 then we may assume that v{b, a) = 1 for 
the branch b of f corresponding to b under the natural identification of the branches 
of t with the branches of f . 

Let m > be the number of branches b of r with is(b,a) = 1. Let To be a 
train track which can be obtained from r by a splitting sequence, which carries 
cr and such that no split of To carries a. By the above observation, there is a 
foliated neighborhood Aq of To with collapsing map Fq : Aq — > To such that a is 
in general position with respect to Aq and that the number tuq of branches b of To 
with v(b, cr) = 1 is not smaller than m. 

By Lemma I10.3[ a can be modified with a sequence of shifts and an isotopy to 
a train track o~o which is in general position with respect to Aq and such that the 
following properties hold. 
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(1) Every large branch e of to admits a standard neighborhood V(e) in tq such 
that F- 1 (F(e))n ctq is the disjoint union of a standard neighborhood Vq of 
a special trainpath p on a and a (possibly empty) collection of simple arcs 
not containing any switch of Co- The set Vq is mapped by Fq onto V(e). 

(2) If b G To is any branch with z/(&, a) = 1 then v{b 1 <7o) = 1- 

If v(e, <To) = 1 for every large branch e of To then by Lemma 110.51 Co is shift 
equivalent to To and we are done. Otherwise we choose a large branch e of To with 
v(e, <jq) > 2. We modify To, to train tracks t\, <j\ with the following properties. 

(a) T\ can be obtained from To by at most one split at e. 

(b) o\ carries A and can be obtained from o§ by a sequence of collapses, shifts 
and splits of uniformly bounded length. 

(c) There is a foliated neighborhood A\ of n such that u\ is in general position 
with respect to A\, is transverse to the ties and such that the number of 
branches b of T\ with u(b, <j\) = 1 is not smaller than too + !• 

Namely, using the above notations, let 21 — 1 > 1 be the length of the special 
trainpath p C Fq (V(e)) n uq. Note that I > 1 is bounded from above by a 
constant only depending on the topological type of S. If I = 1 then p consists of a 
single large branch e' in erg, and _F _1 (T^(e)) R <7o is the disjoint union of a standard 
neighborhood of the large branch e' and a collection of simple arcs. There is a 
unique choice of a right or left split of Co at e' such that the split track a\ carries A. 
If this split is a right (or left) split, then a\ is carried by the train track t\ which can 
be obtained from t\ by a right (or left) split at e. If e is the diagonal branch of the 
split in Ti , then for a suitable choice of a foliated neighborhood of t± and a suitable 
collapsing map we have v(e, a\) = 1. Moreover, via the natural identification of the 
branches of To with the branches of t± we have v(b, a±) < v(b, ctq) for every branch 
b in To and the corresponding branch b in t\. In particular, the number of branches 
b G Ti with v(b, <7i) = 1 is at least mo + 1 and the train tracks <j\ -< t± satisfy the 
properties (a)-(c) above. 

If the length 21 — 1 of the special trainpath p on is at least 3 then p[l, 2] is 
a small branch which can be collapsed as shown in Figure E. The train track a' 
which is obtained from do by this collapse is carried by To- In particular, this train 
track is transversely recurrent and hence complete. Moreover, for a suitable choice 
of a carrying map we have v(b, a' ) < u(b, do) for every branch b of To. 

The train track a' is not carried by any split of To . Thus by Lemma 110.31 and as 
shown in Figure E, a' can be shifted and isotoped to a train track rj which satisfies 
is(b, rj) = 1 if and only if u(b, a' ) = 1 for every branch b of To and such that there is 
a standard neighborhood V of e with the property that Fq 1 ^) 77 is the disjoint 
union of a special trainpath of length 2^ — 3 and a collection of simple arcs. Repeat 
this procedure with 77 -< To. After I — 1 modifications of <jq consisting each of a 
single collapse and a sequence of shifts and isotopies we obtain a train track rj' 
which is in general position with respect to the foliated neighborhood Aq and such 
that the preimage of a standard neighborhood V(e) of e intersects rj' in a single 
large branch e' and a collection of simple arcs. Moreover, we have v(b, rj') < v{b, 00) 
for every branch b of tq. If v{e, r/) = 1 then the number of branches b of tq with 
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v{b, rf) = 1 is strictly bigger than the number of branches of tq with v(b, ao) = 1 
and the pair o\ = rf -< t\ = tq satisfies the above properties. Otherwise modify rf 
and To with a single split at e as above to obtain a pair of train tracks which fulfill 
the requirements (a)-(c) of the inductive construction. 

Reapply the above procedure with the train tracks o\ -< t\. After at most p 
steps where p is the number of branches of a complete train track on S we obtain 
a pair of train tracks a' -< r' with the following properties. 

(1) t' carries A and is obtained from r by a splitting sequence. 

(2) a' is in general position with respect to a foliated neighborhood A' of r'. 

(3) v(e, er') = 1 for every large branch e of r'. 

(4) a' carries A and can be obtained from a by a splitting, shifting and collaps- 
ing sequence of uniformly bounded length consisting of train tracks which 
carry A. 

By Lemma 110.51 er' and r' are shift equivalent. This completes the proof of the 
proposition. □ 
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